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SHVYCHKINA A.N. Computer realization of the analytical method of integrating the equations of Abel

In this paper we represent a mathematical technique leading to the construction of exact analytic solutions the Abel equation. The examined nonli-
near ODEs admit exact analytic solutions in terms of known tabulated functions. The computer method of building a general solution the Abel differen-
tial equation and example are considered.
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Chichurin A.V., Stepaniuk G.P.

COMPUTER CONSTRUCTION OF THE GENERAL SOLUTION OF THE
SPECIAL FORM OF THE ABEL DIFFERENTIAL EQUATION

1. Introduction and statement of the problem
In the papers [1, 2] the method of construction of the nonlinear differential equation of the second order of the form

a(x) y"+b, (x)y"*+b,(x)y'*+b, (x )y +b, (x) =0, 1)
the general solution of which has a special form
i.(x)=Cj 1(x)>exp(| ) y(x))+C2j . (%) >exp(| , y(x)), @)

where C, (i =1,2) are arbitrary constants, j | (x) (j =1,2,3) are given twice continuously differentiable functions of variable X ; I ,, I,
are given constants was considered. Such problems are classical problems of the theory differential equations. For example, in the paper [3] the follow-
ing formulation of the problem is given: “setting the form of a differential equation, it is necessary to seek different forms of a general solution of this

equation and existence conditions of these forms". This task is interesting and because the equation (1) by substitution
y' =z, ©)
reduces to the Abel equation of the first kind [4]
a(x) z'+b,(x)z° +b,(x)z* + b,(x) z+ b,(x) =0 (4)
which plays an important role in the theory of differential equations and its numerous applications [5, 6].
In this article the program listing by which the analytical method is implemented for the two differential equations (1) and (4) is given. We also give a
visualization of the obtained partial solutions.

Considered analytical method based on the following two theorems, which have been proven in [1, 2].
Theorem 1. Equation (1) has a general solution of the form

Cooexp(l,y- ¢hdx)+C,xexp(l, y+ oxdx)=1, 5)
if the conditions
biél Z-1]0,+17)a +3(bb, +ba'-ab,')- b?§=0, ©)
(217-3174,-31, 4 2+21 ) -3(17-1,1,+17)a % +

+b’ +9b, (b'a-a' b-3b,b)=0 )

fulfilled and the relations

|2 -— |1

x=3b(b1—(lz-2ll)a), h-3b(- b+(I,-2,) a) ®)

0
are held.

YuuypuHn AnexcaHdp Bavyecnaeoeudy, d.¢b.-M.H., npogheccop, 3agedyrouuli kaghedpoli dughghepeHyuanbHbIX ypasHeHuUl u MameMamuyeckol ¢husu-
Ku BocmoyHoesponelicko20 HayUOHabHO20 yHuUsepcumema umeHu Slecu YkpauHku.

CmenaHrok anuHa lMempoeHa, cmapwuti nabopaHm kaghedpbi dughchepeHyuanbHbIX ypasHeHul u Mamemamuyeckol ghusuku BocmoyHoesponedr
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Theorem 2. Abel differential equation of the first kind (4) whose coefficients satisfy relations (6) and (7) has a general solution of the form
eI1 yh _ Cxed1 dx+ ¢ dx+l 5y

_I e|1y+C| e@hdx+@<dx+|2y s (9)
1 2

where C is an arbitrary constant, variables Y and X connected by the relation (5); functions X, h determined by the formulas (8).

2. Description of the solution algorithm for the problem
We introduce the reductions: ft=Flatten; sp=Simplify; fs=FullSimplify;
Let us define the equation (5) as eql

— LAY Ay

eqi=g4[x] == e’ c, @, [x] + e®2V c, @, [x];
Differentiating the relation eql we obtain

eq2 = D[eql x]//sp

A, v Ay —_

e’ tle; (o [x]y' [x] + 04" [x]) + e e, (A0, [x]y ' [2] + 0, [3]) == 05[]
We solve the linear system of equations eql, eq2 with respect to unknown £4 and £,

soll = Solve[{eql,eq2} {c,,c, }]|//f];
Differentiating the both sides of equation eq2 and substitute values €, £ from soll. As a result we obtain equation (1), which is denoted aseq3

eq3 = D[eq2,x]/.soll//fl;
Let's find the relation between the coefficients of equations (1) and (2)

expl = Collect[Numerator [Tngether [qu [[ 1]] —eq3 [[2]]]] " [x], v [x] v [x] )
eq4d = a[x] == Coefficient[expl,y"[x]]//sp

eq5 = by[x] == Coefficient[exp1l,y'[x],3]//sp

eq6 = b, [x] == Coefficient[expl,y'[x],2]//sp

eq7 = b, [x] == Coefficient[expl,¥'[x],1]//sp

eq8 = b, [x] == Coefficient[Coefficient[exp1,y'[x],0],¥"[x].0]//sp

a[x] == 2,0, [x](@s[x]e: " [x] — o1[x]es [x]) + A1, [x](— s [x] @, [x] + @, [x] ;" [x])
bo[x] == A14;(—4; + A3) ey [x] @y [¥] 5[]

by [x] == 24,4, @3 [x](— @, [x] @y [x] + @4 [x] @, [x]) + Ag@’: [x] (@a[x]epy ' [x] — @4 [x] @5 [x])

+ Aoy [x](—es [x]e, ' [x] + @, [x]@s'[x])

by[x] == 4, (@;[x] E_Z‘P; [x]%r [x] + o, [x]%” [x]) + @, [x] (Z‘PJ [x] @4 r [x] — oy [x] ‘Pa” [x]))

+ A, (@ [x] (204 ' [x] @, [x] — @, [x]o, " [x]) + @4 [x](—2e, ' [x]@;" [x]
+ @, [x]ps" [x]))
by[x] == @3 [x](—@, [x]o, " [x] + @, "[x] @, " [x]) + @, [x] (@3 [x] @y " [x] — @, ' [x] 03" [x])
+ oy [x](—os [x]e, " [x] + @, [x] @ " [x])
To simplify these relations we introduce the functions

X:J_2_1_3’h :1_3-11,)/ :jljzjs' (10)

I 1.
_ @5'[x] . e, '[x]

n[x] == b

oi[x] @[]

I, )
svsl = (F[x] == fpzi[x]_fpsi[x]’
yer= B =m 0 M sl

sol2 = Solve[sys1,{p, '[x], ¢, [x]}]//ft;

pl = {@,[xl@, [x]@;[x] = ¥[x]};

eq4n = (eq4/.D[sol2,x]/.s0l2//sp)/. pl

a[x] + (An[x] + 4, E[x])Y[x] ==

eq5n= (eq5/.D[s0l2,x]/.s0l2//sp)/. pl

bo[x] == 41 4,(—44 + A2)9[x]

eqén = (eq6/.D[sol2,x]/.s0l2//sp)/. pl

(Aan[x] + A18[x] — 24, 4, (n[x] + E[x])w[x] + by [x] == 0

eq7n= (eq'?;'.D[snl?,x]j.suli;";’sp];'.pl )
ba[x] + [x] (A (m[x]" + 2n[x]5[x] — 7' [*]) — 21 (2n[x]S[x] + §[=x]" + &' [x])) ==
eq8n= [qu;’.D[fnlz,x]j.sulszsp]f.pl i

by [x] + wlx](n[x]"E[x] — &[x]n'[x] + n[x](E[x]" + &' [x])) ==
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From equation ¢ 572 we find function y and substitute it into equations € <7t and € 61, Then from the resulting equations we find functions X , h .
sol3 = Solve[eq5n,yr[x]]//ft,
sol4 = Solve[{eq4n,eq6n}, {n[x], &[x]|}]/.s0l3 //sp//ft
A (afx] (A, — 24,) — by [x A (alx](24, —4,) + by[x
] = 1(afx]( 131; 2) — by D,f[x]—:- 2(alx] (244 — 4;) + by[x])
o[x] 3by[x]
We substitute these functions into equations g 7+1, 2q 8n
eq9 = eq7n/.s0l3/.D[sol4 x|/ . s0l4//sp
a[x]* (A1 — 444, +43) — by [x]* + 3By [x] (by[x] + a'[x]) — 3a[x]b, [x]

b [x]
eqld = eq8n/.s0l3/. D[sol4,x]/.50l4//sp

==

ba[x] (a[x]?(—243 + 3434, + 32,47 — 2A3) + 3a[x]*(A] — A, 4, + A3) by [x] — by [x]®
ol X
+ 27by[x]b;[x] + 9by[x] by [x]a’[x] — Sa[x] by[x]b, '[x]) == O
Equations €49, e 10 coincide with the equations (6), (7) and replace rulessol4 have the form (8).
We check that the relations (5), (8) define the general solution of equation (1) in an implicit form with coefficients satisfying the conditions (6)-(7).
intl =1 == €, Eil_}'[x]—qu[x] dx + EZEAZ}'[-”]+JI- £[x] d‘”:
p2 = Solve[{eq9,eq10}, (b, [x] by [~]}]//ft
p3 = Solve[D[intl,x], y'[x]]//ft//sp;
pd = Solve[D[intl, {x,2}]/.p3,¥y"[x]]//ft/ /sp;
eqll = a[x]y"[x] + bo[x]y'[x]* + b, [x]y'[*]* + b, [x]y'[x] + b3 [x] == 0;
eqll/ D[p2 x|/.p2/.p3/.p4/.D[s0l4, x]|/. 5014/ /sp
True
We prove that the forms of the general solution of (1) and (5) are connected to each other by the first two equations of the system (10)
pS = sysl1l/.Equal — Rule;
intl/.p3//sp
e* e, gy[x] + e* e, 0, [x]

@s [%]
Let's turn to the study of the Abel equation (4), which is defined as eq12

eql2 = eql1/.{y"[x] - 2'[x],y'[x] > z[«]]

z[x]* by[x] + z[x]*by [x] + z[x]b,[x] + bs[x] + a[x]z"[x] ==

We define the general solution (9) as theint2

int2 = Solve[D[intl, x]/. ¥'[x] — z[x], 2z[x]]//sp//ft
elrlEe pix] —e [ nlx] dx+ ] Elx]dz+A; 3] c,&[x]

== 1

Z|lx| —
{ [ ] E‘L—-"-[x]c1-11 + E'r nlx] dx+J F[x] dx+iz}'[x]CTAT

We check that the replacement rule int2 determines the general solution of equationeq12
eqlZ/. D[int2, x]/.y¥'[x] — z[x]/.int2/. D[sol4,x]/.sol4/.p2//sp
True

Remark 1. If you enter a substitution £ = ¢ * &, inthe ratio int2, there remains only one arbitrary constant.
The other simulations of the general solution for the special Abel differential equation were constructed in [7].

3. Visualization of partial solutions of the Abel equation
Example 1. Let
2 3
X‘;,h";. (12)
Then equation (9) takes the form
3c,xe'” +2c,e'”

Z =-
24l Iy
cl x’e¥ +c) xe

(12)
and the corresponding Abel equation (4) is written as
31X - 13X (1, xz+ 2) + 1 xz(1 2X Z - 2, xz- 10)+6l , xz 6

‘ (21,-31,)x - (13
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In this case equation (5) takes the form
x*(cxe'” +c,e'”) =1, (14)

Thus, the general solution of the Abel equation (13) is defined by equations (12), (14). Eliminating from equations (12), (14) the variabley we ob-
tain the function relating to the variables X and z

L2

..I 1
& | xz+3 o _& | ,xz+2 0
gczxz((l - 2)xz+1)5 gclxs((l ,- 1 )xz-1)g (15)
By using command Manipulate [8], we generate a version of the partial solution (15) with the control added to allow interactive manipulation of the

valuesof | 11 ,,C,,C,
ap = Appearance — "Labeled”;

Manipulate[ContourPlot|
3+l xz 2402 xz

Evaluat M 2 ==0]
valuatel (e i x1—12)2) ‘2R ((2—ADxz— 1) ]
fx,—5,5},{z,—5,5}, Exclusions — {x == 0},
ContourStyle — {Thickness[0.008]},
FrameLabel — Automatic, PlotPoints — 500],
ffA1,2,2,1,-50,50,ap}, {{A2,3,2,},—10,10,ap},
f{cl,-1,¢;},—10,10,ap}, {{c2,1,c,},—10,10,ap]]
o
M @ 2
Aa B 3
5] B -1
2 E} 1
sl |
2| 1
ke 0+ -
2L ]
—4| .
s Z2 0 2 4
X

Figure 1. The graph of the partial solution of the equation (13)for | , =2, 1 , =3, ¢, =-1 ¢, =1

4. Solution of the Cauchy problem for the Abel equation
Consider the solution algorithm [9] of the Cauchy problem for the equation (4) with given initial condition

z2(x,) =1z, (16)
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The stages of the algorithm as follows:

Suppose that the first three coefficients a, b, b, , of the equation (4) and values | ,,| , are known;

2
Then, according to equations (6) and (7) we can find the coefficients b, , b, ;
Then from equation (8) we find functions X, h;

Substituting these functions and values X,z from condition (16) into equations (5) and (9), we obtain the linear system of two equations with

07%0
unknowns values C,,C, . We solve this linear system.
Let's substitute the values €, ,C, into equations (5), (9) with known values | _,I , (from equation (18)). From the first obtained relation we find the

1 2
function y (X) and substitute it in the second equation, which will determine the solution of the Cauchy problem. If such solutions are several, it is
necessary to choose the one that satisfies the initial conditions (16).

We demonstrate action of this algorithm on the example.
Example 2. Suppose that coefficients of the equation (4) have form

a=tg(x)- 2ctg(x), b, =2, b =-3tg(x), (17)

and values | ,,1, from the equation (5) are the following
,=1.1,=2, (18)
Set the initial condition
_P_ _
X, —Z,zo =2 (19)
According to item b) we find the other coefficients of equation (4)
1
b, =- E(Bcos(Zx) +5)csc’ (x) b, = (cos (2x) +2)csc (x) sec (x) . (20)
According to item c) we find functions
x =-tg(x),h = ctg(x). (21)

Substituting functions (21), values (18) and the values X, z, from condition (19) into equations (5), (9) we get a system of two equations. Solving this
system we obtain (according to item d))

cC =———,C =- . (22)
Substituting values | ,I , from (18) and c,,c, from (22) into equations (5), (9) we obtain

" FiBeFicac () - 26 cos x) 82242, ®

& b

_3¢"Vctg(x) - 2¢sin ()

z(¥) : (24)
3e"" - 2e"sin(2x)
We solve equation (23) with respectto y (X) and substitute this function into equation (24). From the two branches of the solution
24 = sin’ (x) csc(Zx)(\/gcscz(x) - 16v2cos(x) +(6cof () - 3)csc(x)) -
\/chcz (x) - 16v/2cos(x) '
csc(2x)(sin(x) (sin(x) \/9csc2(x) - 16v2cos(x) + 3)- 6cos(X) cot(x))
z(x = (26)

\/gcscz (x) - 16v/2cos(x)

we have chosen the solution (25), since it satisfies the initial condition (16), (19). Graphs of these solutions represents on the fig. 2.

y
A
5k
: - . - - X
-15 -1 -05 0.5 1 [
-5t

Figure 2. The graphs of the solutions (25) (blue curve) and (26) (dashed curve)
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The red dot is determined by the initial condition (19).

5. Solution of the Cauchy problem for equation (1)

The solution of the Cauchy problem for equation (1) will be shown by the following example. At the same time we will use the algorithm from paper
2.

Example 3. Consider the equation (1) with the following coefficients

oz 3(b+2ax)  4(m+2dx) _33(b+ 2ax)+40(m+2dx)

, by=84, b . 2 ) (@7)
g+ax®+bx n+dx®+nx g+ax’ +bx n+dx®+nx
where a,b,g,d,mn are constants. Let, for example
l,=-4, |,=3. (28)
We substitute relations (27), (28) into system (6)-(7) and find functions b, , b,
& +x(b+ax))(2d(2g+16ax® +9bx )+ 7m(b+ 2ax)) 0
2§3(b2- ag+3a2x2+3abx)+(g ( ))(2d(29 ) ( ))—
n+x(m+dx) 5
b, = . , (29)
(g% x(o+ax))
- 2(b'm- agm+bgd + 8a “dx’ + 3ax® (am+ 3bd) + 3bx (am+bd)) )
3 (9% x(o+ax))(n+ x(m+ x)) |
Then we substitute relations (27), (28) into equation (8) and find functions X , h.
_ m+3dx Ch= b+22ax . (31)
n+dx” +nx g+ax® +bx
The general solution of the equation (4), (27)—(30) is
#+cze3y (n+dx* +mx) =1. 32)
g+ax® +bx
We define the following initial conditions
y(0)=1, y(0)=-1. (33)
We differentiate the relation (32)
‘ c,|b+2ax+4y (g+x(b+ax
c,e” (m+2dx +3y (n+x(m+dx)))- ( (9+x( ) =0. (34)

(g+x(b+ax))

We substitute the initial conditions (33) in equations (32), (34) and solve the obtained system as regards constants C,,C, . We substitute values C,C,
into equation (32). As a result we find solution of the Cauchy problem

g 4v0-3 ee'd (m' 3”)

gg +x (b +ax)

bn+g(m- 7n)

+(b- 4g)e™™ (n+x(m+ dx))g
Z-1. (35)

The graph of the partial solution (35) for values of
a=4,b=2g=1d=-2m=-3n=-4 (36)
represented on Fig. 3. Two closed curves which correspond to two branches of the solution showed on Fig. 3. Through the point, defined by the initial

conditions (33), the right branch of the solution passes. Fig. 4 shows the positions of the branches of the solution (35)—(36) in the neighborhood of point
with coordinates (0;1).

-2 1 L] LI L] LI L L] L] 1 1 T LI | 1 T 1 | S ) LI | T L L 1 LI} T

-3 —20 -10 a 10 20 34

Figure 3. The graph of solution (35)—(36) is two closed curves. The coordinates of the red point are (0; 1)
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1.5 -

—0.5 [ i i i i i i L i L 1 i i i L I i i i i
-2 -1 L1 q 2

Figure 4. The graph of solution (35)—(36) in the neighborhood of the origin

Method considered in the article can be generalized for the equations of a higher order than the second. In paper [10] the solution of the corres-
ponding problem for a differential equation of the third order was considered. For this purpose the function

j.(x)=F(@i,i.i.yG.G.G) (37

where
F=C j,exp(l,y)+C,j,%exp(l,y)+C, j,xexp(l,y) (38)
and C, (i = 1,2,3) are arbitrary constants; | . (j = 1_4) three times continuously differentiable functions of variable X is considered. The fol-

lowing remark holds [10].
Remark 2. Applying the method used in the article, we can get a differential equation of the fourth or higher orders, for which the general solution
has the form

i (X =éC.J’ (¥ exp(l, y(¥).
where | (X) (i :ﬁ) are arbitrary n times continuously differentiable functions of variable X, |, (i :L_n) are certain constants,

C (i = ﬁ ) are arbitrary constants. This yields to the differential equation of the N order.
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CHICHURIN A.V., STEPANYK G.P Computer construction of the general solution of the special form of the Abel differential equation

The computer method of building a general solution of the special form for the nonlinear differential equation of the second order and the Abel diffe-
rential equation of the first kind is considered. Three examples which contain the solutions of the initial problem are presented.

The module allowing to visualize partial solutions of the Abel differential equation for the given values of parameters has been built. For the obtained
solutions the visualization in the real numbers domain is represented. All the calculations and visualizations are realized in the Mathematica 10 system.

YK 519.2:004.6

MaxHucm J1.I1., Kapumoea T.U., Py6aHoe B.C., nadkuii U.N.

O MEOUWAHE 3AKOHA PACMNPEAENEHUANMYACCOHAWU HEKOTOPbLIX YACIIOBbIX
NOCNEAOOBATEJIbHOCTAX

BBepeHne. BHavane npuBegeM  HekoTopble
cBefeHus, 0603HaueHMs, ucronb3yemble B paboTe.
[yaccoHa pacnpepeneHve - pacnpegeneHue BeposTHOCTEN Cry-

TeopeTnyeckue

yaitHoil BenmumHbl X , MPUHUMAIOLLEN Lienble HeoTpULaTenbHbIE 3Ha-

k=01 2K

YyeHua C BEPOATHOCTAMU

k
P(X =Kk)= :e_xx—,mex>0-napameTp.
Pk Kl

®yHKUVS pacnpeseneHns 3akoHa MyaccoHa:
F(x)=P(X <x)=0,ecmx <0,

x—1 x—1>\k

F(X)=P(X<x)=)> p, =€
k=0

XeN u
[x] [X] \

F(X)=P(X<x)=)> p, =€
k=0

X>0,x¢&N , rme [X] - Lenas yacTb uucna X .
{X]’lxk

Wm  F(X)=P(X <x)=¢e . ecim

k=o K!
X >0, rge [X] - Haumenbluee Lenoe, Gorbiuee Ui pasHoe X
[x]=min{n € Z|n > x}).
PaccmoTpum cpyHKLmio
m+1X\)

A .
X

rae v (m, \) = ftm_le_tdt - HenonHas HIKHSS raMma-
0

(yHKUmMs (Hanpumep, B [1]).
3ameTum, 4to

X
F(lk)zl—%ftoe‘tdtz
"o

A X\
= 1—fe“dt =1+e'| =e = p,.
0
|/|cn0ﬂb3yﬂ MeTo[ UHTErpMpoBaHna no 4actam B onpeaeneHHom uH-
Terpane, nony4um;

\
_ 1 rime—tgt —
F(m+l>\)fl—m{t e ldt =

mft

N
1
=1+ — [tTde " = 1+ —
m!0 m!

fe"dt ]

N
1 Lame - mfettmldt]—
m!
m 7X A
_14 2 1 fe"tm’ldt:
m! (m—1) s

m

EENDN
=e Xm—i-F(m,k):pm—}—F(m,)\):K:

m
=Y p+F(@LN)= Zpk
k=1

CnepoBaTtenbHo, qoyHKLu/lw pacnpenenerns F (X) MoxHO onpe-
JEenuTb cneayoLmm obpasom:

F(x)=P(X <x)=0,ecmx <0,
F(x)=P(X <x)= Xilpk =F(x,\)=
k=0
N

1 x—1, -t
=1-— |t e 'dt,
(x — 1)![

ecmt X € N u

[x]
F(x)=P(X <x)= > p, =F(x]+1x)=
k=0

N

oot
-1 [X]!{t e 'dt,
ecm X >0, x &N .
Wnn
[x]-1
F(x)=P(X <x)= > p = F(x].\) =
k=0
X
_ “1g-t
- !ft dt,
0
ecnmx>0.

MaxHucm JleoHud Mempoeuy, k.m.H., doueHm, 3asedyrowuli kaghedpoll ebicwieli Mamemamuku bpecmckoz2o 2ocydapcmeeHH020 MeXHUYECK020

yHUsepcumema.

Kapumoea TambsiHa UsaHoeHa, K.¢p.-M.H., doueHm, doueHm kaghedpa 8bicwieli Mamemamuku bpecmckoeo 20cydapcmeeHH020 MEXHUYECK020

yHUsepcumema.

Py6aHoe Bnadumup CmenaHosuY, K.¢h.-M.H., 00LEeHm, Npopekmop no HayuHoll pabome bpecmckoeo 20cydapcmeeHH020 MEXHUYECKO20 yHUBEP-

cumema.

nadkuti UeaH MeaHosuv, doueHm kaghedpb! 8bicLieli Mamemamuku bpecmckoao 20cydapcmeeHH020 MEXHUYECKO20 yHuUBepCUmema.
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