Lesya Ukrainka Volyn National University

Department of General Mathematics and
Computer Science Teaching Methods

Maria Khomyak
Inna Mykytyuk

MATHEMATICS: Integration Techniques:

methodological workshop on problem solving

Lutsk 2024



UDK 517.3(076)
Kh 76

Recommended for publication by the Scientific and Methodological Council of Lesya
Ukrainka Volyn National University (protocol No 1, 25.09.2024)

Reviewer:
V. V. Pasternak, Ph.D. in Technical sciences, Assoc. Department of General Mathematics and

Computer Science Teaching Methods of Lesya Ukrainka VVolyn National University

Khomyak M., Mykytyuk I.
Kh 76 MATHEMATICS: Integration Technigques: methodological workshop on problem solving
/ Maria Khomyak, Inna Mykytyuk. Lutsk : Lesya Ukrainka VNU, 2024. 90 p.

Annotation: The methodological workshop is given curriculum for the discipline
"Mathematics” or "High Mathematics" of the professional training of the bachelor of non-
mathematical specialties.

The methodological workshop contains summary of lecture material and typical examples along
with their solutions on some specific topics on Integration Techniques. The methodological
workshop offers also exercises for students for solving by themselves. It could be useful in
preparation for practical classes as well as the independent work and also for quizzes and the

final test or exam.

UDK 517.3(076)
© Khomyak M., 2024
© Lesya Ukrainka VNU, 2024



Table of Contents

LBCTUIE SUMIMAIY .. ett ittt e e e et e et e et et e et et e et et e e e et e ee e eaneeaaeeennens 4
1. TrigoONOMELriC EXPIESSIONS ... .vte ittt ettt et et et et et e e et ae e eenens 7
1.1. The integral of SIN™ X COS™ X .. .vinir i 7
1.2. Trigonometric SUDSTITULIONS ... ..oeiieiiti e e eea e 16
2. Partial FraCtions ........ oot e et et e e e e e e rerenenne e O |
3. Integration DY Parts ... e DA
4. Numerical INtegration..........c.oiiii e e 60
PractiCe QUESLIONS. ... . ettt sbe e be e sanesnbeesrnesnreesnees (D)



Integration Techniques

Lecture summary

To integrate expressions of the form cos” x sin™ x when either n or m (or both) is odd choose

the expression with the odd exponent, say sin” x, and express it as
m—1 m—1

sin” 'x sinx = (sinzx) 2 sinx = (lfcoszx) 2 sinx .

-1
The integrand cos” x sin” x becomes cos” x (1 —cos’ x ) 2 sinx = [P (cosx )] (sinx)

where P(cos x) is a polynomial in cos x. Finally, use the substitution « = cos x.

To integrate expressions of the form cos” x sin™ x when both » and m are even,

mi2
reduce the order of both factors by writing sin™ x = (sin2 x ) and

ni2 . S 1—cos2x 1+cos2x
cos” x = (cos2 X ) and using the identities sin®x =———=" and cos’x = B

The formulas for the integrals of simple trigonometric expressions are:

o  [sinu du =—cosu +C

o [cosu du =sinu+C

. fseczu du = tanu +C

. fcsczu du =—cotu +C

+  [secu tanu du =secu +C

o [cscucotu du =—cscu +C

« [tanu du =In|secu | +C

+  [cotu du =—In|cscu |+C

o [secu du =In|secu + tanu | +C

o Jescu du =—In|cscu +cotu | +C

Using the above formulas, the principle of substitution, and manipulating trigonometric
identities the integral of many algebraic expressions may be evaluated.

. . . .2 2
Erpressmm tHVOh’!Hg a —X

Let 9=silfI£ then x = g sin #and \/c:z —x? = Jaz —a’sin’ @ = \)az (l—sin2 9) =
a

a® cos® @ =acos fas a and cos Hare both positive.

. . . 2 2
Expressions involving \a” +x

Let (9=tem_li then x = g tan @and \/a2 +x? = \/az +a’tan’ @ = Ja’ (1+1:an2 8) =
a

a*sec’ 0 = a sec Oas a and sec Hare both positive.



. . . 2 2
Expressions involving \\x = —a

X
— | then | x| =asec Fand \/xzfaz = \/az sec? 0% —aq* =

Let 6 =sec”!

a

\/az (sf:c2 0—1) = \/az tan> @ = atan Has a and tan Gare both positive.

The method of partial fractions is applied to proper rational expressions (degree of
numerator is less than the degree of the denominator). To apply partial fractions, improper
rational expressions must be first reduced to a quotient plus a proper fraction. The method
of partial fractions is then applied to the proper fraction.

x3+2x+1 ) . . x3+2x+1 .
To expand —————— using partial fractions —————  is expressed as
(x +2)(x —1) (x +2)(x —1)
5x -1 . . . . Sx -1
x -1 and then the method of partial fractions is applied to

G o))

(x +2)(x —1) )

Suppose that P(x) is a polynomial of degree k£ — 1 or less and none of its roots is equal to

rni=1,...,k P(x) can be expressed as 4 + 42 +..+ A

(x =) (x =r)e(x =1y ) X-1n Xx-nr X =1

P(x)
where 4; = .
(x -n )(x —P'Z)...M...(x —rk) e

For example, if&=ﬂ+ 4 +i then

x(x=1)(x+2) x x-1 x+2

4x —16 -16 4x —16 -12
A= =—=8, 4, =———— =——=—4, and
Xx-1)(x+2)| , -2 x (<] (x +2) .

s < 4x —16 :—_24:_4_

’ x| 6

If multiple roots are present as in Px) the expansion becomes
x =) (x =r)" o (x = ng )
A A
An A s o An | An ot 2y
(x—r,)ﬂ' (x —r])n‘_ XA (x —rz)nz (x—rz)nz_ X=n
P(x
Ay = ( 1 . >
M(x —r) " (x = )"
X=h
P(x
e = |
M(x =) (x = )
x =
1 P(x
Y ; ; ’
1 (x (x=r) 2 lx—r)
X =n



Px)

where ax? + bx + ¢ has no real
(wc 2 4 bx +c)(x -r)

The expansion of expansions such as

Ax +B C
+

ax+bx +¢ X -1

roots has the form

The method of partial fractions is a good tool in finding the integrals of rational
expressions whose integral are not directly recognized.

Using = f(x) and dv = h(x) dxin [f (x )h(x ) dx transforms the integral to [« dv which
is equal to v —[v du . If finding v and the integral [v du are both easy then the integral
[/ (x)h(x)dx canbe evaluated. This technique of finding anti-derivatives is called
Integration by parts.

When p(x) is a polynomial and A(x) is a function +) p h
whose anti-derivatives can be found easily then

applying integration by parts to [ p(x)h(x) dx =) 7 T Ih dx =H
can be performed by tabulating in one column \

p(x) and its derivatives and on the other 4(x) and (+) p"
its anti-derivatives:

[H dx

The trapezoidal rule is a method for finding approximate value for the integral:

b h . .
I=[f(x)dy~1, =E[f(x0)+2f (x)+2f (xz_)+...+2f(xﬁ_l)—i-f(xn)]

—-a . o
, Xy =a + kh, and n 1s a positive integer.
n

where 4 =

For a twice differentiable function f, the difference between the exact value of

b
I =[f (x)dx and the approximation, /,, obtained using the trapczoidal rule is given by Er

da
(b —a)h?
12

which satisfies £, < M| where | f"(x)| £ Mon [a, b].

b
Another method for finding an approximate value for the integral / = [f (x ) dx is

Simpson’s rule:

=1, %[f () +4f (0 ) +2f () + 4 (x3) 4ot 21 (6, ) +4F (3, )+ (x )]

-a . .
, Xx = a+ kh, and n 1s an even positive integer.
n

where h = b

For a four times differentiable function f; the difference between the exact value of
b

[ =|f (x)dx and the approximation 7, obtained using the Simpson’s rule is given by Es
d

b -a)h?
180

which satisfies Eg < M | where | f*®(x)| < Mon [a, b].




1. Trigonometric Expressions

1.1. The integral of sin™ x cos" x

Isian dx = _ Cos2x +C.
nl2 z12
Jcosly dy = 23inX = 2(sinZ —sin0) :2(E -0)= J2.
2 2}, 4 2

0
jezz cos(e”) dz = 1'[cosu du (u=e%)

2

- Lginu +c= Lsinez + C.

2 2

/4 \/» /2
COS~/ X "
dx = 2| cosu du (u=/x)

J \/; n'!.(i
/36

. . . 1

= 2sinu"? =2(sinZ —sinZ)=2(1- =) =1.
e = 2 5 6) ( 2)
sin(Inw
JM dw = Isinu du (u=1Inw)
W
= —cosu + C = —cos(Inw) + C.
2 _1 _ 2

jtcos(t +1) dt = Efcosu du (u=t2+1)

= Linu +c= 1sin(t2 +1) +C.
2 2

/2
I sin xcos’ x dx
0

0
—Iu5 du (u = cosx)
1

1 1
~(1-0) = =.
64705

jsin5 pcosp dp = Jus du (u = sinp)

Isin24t dt = jl_C;)SSt dt

%Idt - %I cos8t dt



1sin8t
+

ST L
2

Iy

jcos2 4q dq = J
0

0

2 8

lt - isin8t + C.
2 16

1+ cgsSq dq

= %JTE dg + %T cos8qdgq
0 0

1
2
1
2

T

sin8q
8

T

0

1
+ =
2

0

(m-0) + %(sin 8n—sin0) =

N3

jsin32x dx = jsin2 2xsin 2x dx

= j%sin 2xdx

= lJ‘sin 2xdx — lJ.cos4xsin 2xdx
2 2

1. 1¢,. .
= E'[sm 2xdx — Z'[(sm 6X +sin 2x) dx

1

2

_cost _l _c056x _1 _cost
2 4 6 4 2

_ COS6X  C0S2X

+C.
24 8

J.cos2 2xsin® 2x dx = J.cos2 2xsin? 2x sin? 2xdx

= %J(Zcos 2xsin 2x)* sin® 2xdx

= 1_[sin2 4x sin® 2xdx
4

= 1Jsin24x (—1_COS4dex
4 2

= 1Jsin24x (—1_COS4X)dx
4 2

1.
= gj.sm2 4x (1-cos4x)dx

j+c



= 1Isin24xdx - 1.|.sin24x cos 4xdx
8 8

2
= EJW dx—lju—du (u =sin4x)
8 2 8) 4

1 1sin8x 1 u®
R - —— +C
16 16 8 32 3

1 sin8x  sin®4x
= —X - — +C
16 128 96

Icos42y dy %J.(ZCOSZZy)Z dy
_1 2
= ZJ'(1+cos4y) dy

= %J.(l-‘r 2cos4y +cos’ 4y) dy

= %j(1+20054y+@) dy

sin4y+£y 1sm8y) iC

1
—(y+2
4(y 4 2° 2 8

3 1. 1 .
= —y+=sin4y+—sin8y + C.
8y 8 y 64 y
1 11
[sin® mx dx = = [ (2sin” mx)° dx
4-O
11
= —I(l—COSZnX)Z dx
40

1
= %J'(l— 2C0s 27X +C0s® 27nx) dx

1
= 1 (1—20052nx+M) dx
4.)0 2

1
1 (§—20052nx+%cos4nx) dx

4.)

1
/_\

x——sm 2nx+icos4nxj
21




Icoss 30sin?30 dO = Icos2 30sin?30 cos30d0
= [ (1-sin’30)sin” 30 cos30d0

= | (1sin’30)sin” 30 cos30d0
1 2y,,2 i
= 5j(1—u yu? du (u =sin30)

= %I(uz —u*)du

3 5
:1 u__u_ +C
33 5

sin®30 ~ sin® 30 N
9 15

C.

[cos® 2x dx = %I(Zcos2 2x)° dx
1 3
= g'[(1+cos4x) dx
= %‘[(1+3cos4x+3cos2 Ax +cos’ 4x) dx

= %J(1+3cos4x+g(l+ cos8x) +(1-sin” 4x) cos 4x) dx

= 1J(1+3cos4x+§(1+c:058x)) dx + 1f(l—uz) au (u = sin4x)
8 2 8 4
1(_ 3sindx 3, sin8x 1 u®

= —| X+ +—(xX+ )|+ —=|u-——|+C
8 4 2 8 32 3
5 sindx 3sin8x sin®4x

= —X+ + - +C
16 8 128 96

Icoss3y dy = Icoszsy cos3ydy
= I(l—sinz 3y)cos3ydy (u = cos3y)

%I(l—uz) du

10



1 u®
“u-1y+c
3( 3)

u ul

——+C
3 9

3
cos3y cos 3y .c
3 9

J'cos3 2ssin®2s ds = %j(ZcosZssin 2s) 3 ds

Isin64s ds =

1( 3sin8s 3s 3sinl6s 1
=Z|s— 22

= %J'sin34s ds
l - 2 -
= gjsm 4s sin4sds
1 , .
= éj(l—cos 4s)sin4sds (u = cos4s)
= —3—12j(1-u2)du

1 u’
=S (U-—)+C
32( 3)

cos® 4s _ cos4s
96 32

+C.

%.|.(23in24s)3 ds

1 3

gj(l—COSSS) ds

%I(l—ScosSs+300328s—cos3 8s) ds

.

(1—3cos8s+@—(l—sinz8s)cos8s) ds

-
(1—3cos8s + W)ds —

%j(l—sin283)0038s ds

[ 12
L[ (1-3c0s8s+ 3LECOSIE) g 1pA-u) g,
8‘) 2 8

8

u3
—~(u-—)|+C
8 2 32 8 3
5s 3sin8s 3sin16s_sin85+sin385

— = + +C
16 64 256 64 192

11

(u = sin8s)



55 sin8s 3sinl6s sin®8s
+ +

- _ +C
16 16 256 192

IcosE’Zr dr = Icos“ZrcosZrdr

= J.(l—sin2 2r)? cos 2r dr (u =sin2r)

= %I(l—uz)2 du

= %I(l—Zu2 +u*) du

3 5
= E(U_ZL_FU_) +C
2 3 5
sin2r 2sin®2r N sin® 2r
2 3 10

+C.

Icos5 2wsin® 2w dw = Icos4 2wsin* 2w cos 2wdw

J.(l—sin2 2w)?sin* 2w cos 2wdw

%I(l—uz)zu“ du

%I(l—Zu2 +u*)u* du

%I(u“ —2u®+u®) du

5 7 9
= E(u__zu_+u_) +C
25 7 9

sin® 2w B sin’ 2w N sin® 2w
10 7 18

+C

(u =sin2w)

2
JM dr = _[coszu du (u=Inr)

r

_ j(1+c232u) du

%u +lsin 2u +C

lIn r+lsin(2ln r) +C.
2 4

jexsinz(ex) dx = jsinzu du (u=-e)

12



- [y,

Icoss 2xsin® 2x dx

jsin 3xcosbx dx =

J'cos 2% Cos 4x dx

1u—lsin2u +C
2 4
lex—lsinZeX +C
2" 4

= J'cos2 2xsin® 2x cos 2xdx

= j(l—sinz 2x)sin® 2x cos 2xdx

1
= EI(l—uz)u?’du

%I(us—u7)du

6 8
206 8
sin62x_sin82x
12 16

+C.

%I(sinSx—sin 2x)dx

1( cos8x cos2x
ol O + +C
2 8 2

COS 2X _ cos 8x
4 16

+C.

1
E_[(cos 6X -+ Cos 2X ) dx

l(sm 6X _sin ZXJ +C

2\ 6 2

sin 6x N sin 2x
12 4

+C.

J'sin3xsin 2x dx = %I(cost—cos6x)dx

_ i(sm 2x_sm6xj e

2\ 2 6

sin2x sin6x

4 12

+C.

13

(u = sin2x)



a) If |a|=|b|, jsinaxcosbx dx = %I(sin(aer)x—sin(a—b)x)dx

_ l(_ cos(a+b)x . cos(a—b)xj i
2 a+b a-b

_ cos(a—b)x cos(a+b)x N
2(a—b) 2(a+hb)

b) |a|=|b], jsinaxsinbx dx = %I(cos(a—b)x—cos(a+b)x)dx

_ E(sin(a—b)x_sin(a+b)xj +C
2 a-b a+b

_ sin(a—b)x sin(a+h)x N
~ 2(a-b)  2(a+b)

c) |al#|b], jcosaxcosbx dx = %I(cos(a+b)x+cos(a—b)x)dx

2

_ l(sin(a+b)x . sin(a—b)x) "
a+b a-b

_ sin(a+b)x N sin(a—b)x
2(a+b) 2(a—b)

+C

Lettan x =t then x = tan™*t and dx = 1 =
1+t
/2 ©
J' 1 3 dx = J’LS%dt
1+tan” X 1+t° 1+t
0 0
1 1 1 _ A, Bt+C _ Dt+E

1+1° 1412 (1+t)<1+t2)(t2—t+1)_1+t 1412 t2—t+1

A+B+D=0 A=1/6
-A+C+D+E=0 B=1/2
2A+D+E=0 = {C=1/2.
-A+B+D+E=0 D=-2/3
A+C+E=1 E=1/3

1 _ 1 N t+1 N -2t+1
(L+)(+?)(2-t+1)  BQ+D  20+t?)  3(tP-t+1)

Therefore,

14



o0 0 0 o0

1+t3 1+t 6(1+1t) 2(1+t%) 3(t° —t+1) 6 0
0 0 0 0
0 o = 1/2 12 \1/4\” o
1In|1+t2| + Yty — L [t? —t+1] =1n [1+1] (,:1;;1) s
4 o 2 o 3 0 (1+1%) 0 2 0
+oo—0+ . 0= too,
2 2
Since g(x) is continuous on the closed interval [0, xt], exists ¢, 0 < ¢ < &, such that
Ja(x) dx = g(c)| dx = g(c)(n—0) =mng(c) and ng(c) = 0.
0 0
Therefore, g(c) = 0 and c is a zero of g(x).
Suppose that g(x) has only one zero in the open interval (0, ) and it is c.
C T
Assume g(x) >0in [0, ¢) and g(x) <0in (c, ], and ¢ < g Then [g(x) dx = —[ g(x) dx.
0 c
/2 c /2
Moreover, [ g(x)cosx dx = [g(x)cosx dx + [ g(x)cosx dx andcosx>coscasO<x<c
0 0 c

c Cc
implies [g(x)cosx dx > cosc-[g(x) dx.
0 0

n/2
[ 9(x) dx

/2
[ g(x)cosx dx

c

< cosc- < cosc-

T9(x) dx

= —cosc-?g(x) dx.
c
C C T T
Thus [g(x)cosx dx > cosc-[g(x) dx and [g(x)cosx dx > cosc-[g(x) dx.
0 0 c c

T T
So [g(x)cosx dx > cosc- [ g(x) dx which is impossible as both integrals equal to zero.
0 0

Therefore, g(x) has at least two zeros in the open interval (0, x).

15



1.2.

jcsc3r dr = J

3
1

Icothw dw =

jsin 3xtan 3x dx

ro1 1
csc—ycot—y dy = —4csc=
f 4y 4y y

0

In
3

Trigonometric substitutions

Isec2 5x dx = J

o075 dx = 1tan5x + C.
X

dr =

1 1
' 2 3r  3r dr
sin3r 2 sin 2" cos 2"
2 2

Linju| +c

3r

tan—| + C
2

cos10w
sin10w

dw

J

i ldu

10) u

L+ c

10

1 .
—In|sin10w| + C
10

(" sin® 3x
J €0s3x

dx

(1—cos® 3x
= | ——— dx
J cos3x

r

= | (

J cos3x

—c0s3x) dx

y[* 2
41, J2

16

:74(_ — %):

3r
u=tan—
(u=tan=)

(u =sinl0w)

%In|sec3x+tan 3x|—%sin 3x+C.

00,



/6
j csc? 2x dx

/12

jtan X dx =

IsecZz dz =

Isecz 3xtan3x dx

Icot3 2x dx

/6
n/12

—lcot2x|
2

—i(cotﬁ— cot E)
2 3 6

_l(i_\/_) = */_

jtan X dX

i1n|secnx| +C.

.3

1
J cos2z

dz

~

-
. T

J sin(=-2z
(2 )

1 1
> ~ ~ dz
sin(=—-z)cos(=-z
(;, ~2)cos(; ~2)
_EJ; du
tan ucos’ u

__J dw

—lln|w|+C
2

dz

1 T
—ZIn|tan(=-2)| + C.
> | (4 )|

|
|
Wl
—
Cw||—‘
o

~ Bsin?3x

Jcosszx
= — dx
sin® 2x

f 1 sin 3x
- dx
Cc0s“ 3X c0s3x

17

(="-2)
(w = tanu)
(u = cos3x)



dx

jcos2 2X C0S 2X
sin® 2x

a2
_ J(l—sm 2X) c0S 2X dx (U= sin2x)

sin®2x

= %J (- du

US

= l(—i—ln|u|j +C

2\ 2u?
_ _12 _In|sin2x] +C
4sin” 2x 2
f 1 sin? 4x
Itan34x dx = | ———dx
0 J cos’4x

0

T

(sin? 4xsin 4x

= | T = ¥
J C0s” 4x

0

T

[ (1—cos’ 4x)sin 4x

= 3 dx
J C0Ss” 4x
0
= —1[—;—In|cos4x |j
4\ 2cos4x 0
-1 —l—ln1+1+ln1 =0.
4\ 2 2 0
jcotchscz 2w dw = JCQSZW- . ;L dw
sin2w Sin“ 2w
= fc_oizw dw (u = sin2w)
sin® 2w
= ljis du
2J)u
S 1 e
2\ 2u?
1
=+
4sin’® 2w
2 1
Jtan —xdx = —1|dx
2 cos® = x
2

18



J

= 2(tanlx—1x) +C
2 2

= 2tan%x—x +C

/2 /2 1
Icotzzx dx = j( — —1jdx
s sin” 2x
n/3
n/2
_ (_Cot2x_x) .
2 /3
csc? (Inx
J# dx = J'csc2 u du (u = Inx)
X
=—cotu+C
= —cot(Inx) + C.
2 2 — 1 2 — 2
jxsec (x)dx—EIsec u du (u=x%
= ltanu +C
2
= ltan x* + C.
2
Iex sece” tane*dx = Isecu tanudu (u=¢e
=secu + C=sece*+C.
tan(Inx
J# dx = jtanu du (u=1Inx)
X

= In|secu| + C = In|sec(Inu)| + C.

Let x = tant, then dx = dt.

cos?t

r

dx dt

(1+x2)3/2 _J coszt(l+tan2t)3/2

(.
(@]
o
[72]

N
~—~+
7~/ N\

3
[z
N
—t
N~
14
N

= J.costdt =sint + C =sin(tan"x) + C

-_X ¢

V1+ %2

19



Let w = 3sint, then dw = 3cost.

JQ—W2 dw J\/Q—Qsinzt

3w B 9sint

2  ein?
:3Jco§tdt:3J1 S_mtdt
sint sint

3costdt

= BJ(_L —sint)dt
sint

r~

3 ! dt—sjsintdt
2

J

Sin —cos —
2 2

1 dt—3jsintdt

N w

tan —cos® —
2 2

= 3In +3cost +C

tan L
2

= 3In|tan (lsinle —3cos(sinlﬂj +C
2 3 3

_ _ 2
= 3In tan(uJ
w

Lety= J2 sint, then dy = J2 cost.

—4J9-w? +C.

J y? dy = 2sin’t
J2-y? \J2-2sin’t

= IZsinztdt = IZSinztdt

\/5 costdt

= j(l—cos 2t) dt

=t - 1sin 2t +C
2
= sint-L _ lsin(Zsin‘lij +C
2 2 2
y Y1y
=sint—= — +C
J2 2

Let x = 2tant, then dx = dt.

cos?t

20



J dx _P 20t
X% /84 2x%* J 4tan’t /8+2-4tan’t cos’t

r

<
SN

(" costdt
J 4J2sin?t

_; +C
42sint

1
- +
4/2sin(tan* x/ 2)

N4+ X
42x

Letx = %sint, then dx = % costdt.

+ C.

_[\/1—4x2 dx = %Nl—sinzt costdt

_1 ¢ - 1
- EJ cos? tdt = ZJ (1+cos 2t)dt

1 sin 2t
= —t+ +
4

C

- - _1
sin(2sin™ 2x) N

= 1s.in‘12x + C
4

Xa/1—4x?
—

= 1sin‘12x +
4

Letx = gtant, then dx = dt.

2c0s’t
5 1
= dt
j dx _ 2 cos’t
X125+ 4x° 2tant 25+ 25tan’t

R
12 dt

_ cos t

5smt 1

J cost cost

: dt
- szint
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= %Icsctdt

= —%In|csct+cott| +C

csc[tan‘l 2 xj +cot (tan‘1 2 xj
5 5

\J25+4%x* 5

2X 2X

+C

1
=—=In
5

+C.

5

Let x = sint, then dx = costdt.
xdx _ [ sintcost dt
J1-x2 B J1-sin?t
_ fsintcost dt
cost

jsintdt = _cost + C

—cos(sin'x) +C

== —\1-x* +C.

Let x = 2sint, then dx = 2costdt.

2
Ix\/4— x? dx
0

nl2

J' 4sint cost/4—4sin?t dt
0

n/2

I 8sintcos’t dt
0

_8cosst i
3

_——(o 1) =

OOIOO

0

Let 0= seclg then x =2secd and dx = 2secd tanddé, if x > 2.

J X" 44sec 0- 25ec9tan0d9

4secd

= Itanzede = J.(secze—l)da

=tanf-60+C=
2_

= WX et X ac
2 2
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Letd = tanfli then x =2+/3tan@ and dx = 2+/3sec? 6d6 and secd is always positive as

243

6 belongs to (-x/2, 7/2).

2
V12 + X dx = V12 +12tan’ @ 2\/5 sec? 0do
X 2/3tan @
Zﬁsec 6? 1
= 2J3| ————dé@
I tan 6 \/_J‘sinecosze

sin@ 1
= 24/3 do
\/_J‘(cos 0 smﬁj

= 2\/§(sec0— In(cscd+cotd))+C

_ 2\/5[\/12“2 IR 2J§)]+C
23 X X

X

, 2
= 12+ x? —2\/§In( 12+x +2\){§}+C

Let 0= tanlﬁ then x = 4tand and dx = 4sec” #d@ and secd is always positive as € belongs

3
to (0, tan* ).
( 4)

tan13
3

4sec® 6d6

dx J
) V16 + X2 J16+16tan2 6
0

tan13 13 3

4 tan
J‘ sec’ HdH f secodo
secd

0

13
In(secd+tan )| +

\/9+1 §)_| n(1+0)

= In(

a 3x

Let 0= tan then x = gtane and dx = gsec fd6 and secd is always positive as ¢

belongs to (-x/2, 7/2).

Ixz J16+9x%dx = J%tanze \/16+16tan26’-§sec2 0do = %J'tanzesec3 0do
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%f (sec’® 6 —sec’H)do =

~

:if i B i do
sin(=-6) sin*(=-6
J s G-0) sin’(C-0)
- 22576 T 491 r 0. T 01 T 6 dg
32sin* (= —-2)cos’ (5 —2)  8sin*(=—2)cos® (&= ——
J (4 2) (4 2) (4 2) (4 2)
((( . 0 T 0 6
sin?(F =Y+ cos? (X -2 2% _U 2t _ U
256 ( (4 2)+ (4 2)) sin’( ) +Cos (4 2) y
T 27 .5, T 0O 5,7 0O .3, 0 3, T 0
32sin’(=—-—-)cos’ (——— 4sin°(=—-—-)cos”(———
(4 2) (4 2) (4 2) (4 2)
.. 0 T 0
256 Sm(Z_E) 3 3 COS(Z_E)
27 5,77 ¢9+ 3,7 0O 7z0+ T 6 3, T l9+ 57r¢9d9
32cos’(=——=) 32sin°(=-—>)cos(———) 32sin(~—-—=-)cos’(——-—) 32sin’(——-—
(4 2) (4 2) (4 2) (4 2) (4 2) (4 )
- 22576 T 6’1 T 0 * s 01 T 0 o =
4sin(=—2)cos* (= —=)  4sin®*(=—>)cos(= ——
J (4 2) (4 2) (4 2) (4 2)
( .7 0 T 6 T 6 .7 0
256 Sm(Z_E) . COS(Z_E) +i 5 X COS(Z_E) . Sm(Z_E) 0
27 5,7 0O .5, O, 32| . T 6 T 6 .., 6 3, T 0
32cos’(5-7) 32sin’(B-2 = _ycos(>-Z Z_Z Z_Z
] cos(4 2) sin (4 2) sm(4 2)cos(4 2) sin (4 2) cos(4 2)
. 0 T 0
sin(=—-— cos(=—-=
256 (4 2) N 2 N (4 2) 4o =
27 3, T 6 . T 0 T 6 . 3, T 6
4cos’(——-—) 4sin(=-—-)cos(———) 4sin*(—-—
(G 4sin(~"yeos(; =0y asin®( =)
256 2 -2

N 0 ¥
27 4,7 . 4, T
32(-4)cos"(——-—) 32(-4)sin"(——-—
(=4)cos’(, —2) 32=A)sin’ ([, —2)

2= 3 2

n sin(z—e)
32 ., 0, 32 2, T 0
(=2)sin (Z_E) (—2)cos (Z_E)

2

27| 32

256| 3-4 ‘

24



-2 256 -1 1
_“. —In

YA (eost] *) (-2)sin*(;-7)

+C =

sin(g—e)

1 § 1

. 9 ,, T 0

= cos (= ——
) Peos’(G-2)

+_
cos*(; - )sm (=) 9sin2(Z—

256 -1 1

21 4cosz( —) 4sin (E Q)

—In|cosé| |+C

T T

2| B4cosC-0) | |3 g 4c0sC=0) | 256( sineg

Ll 2 |+ |=ZlIn|cos@|+~- - 2
) 27 \ cos” @

. 9 . .7
sin(Z -0 sin?(=-@
l (2 ) (2

2 64sm9j ( Injcos ] + 8 4S|n¢9j - 256( sm26? —In|cos¢9|j+c
27\ cos* @ 9 9 cos?d 27 \ cos @

2 x2—2x4] [32 V2| 4x2—2x_2J 256(x/x —2 %

—In|cos 6?|j +C

N

COS —
X

64 3 1njoos Y2] 4 8. —-—In
27 X 9 x|'9 x 2 27( x 2

}+c

2

COS—
X

3 2
-

+C
27 9 X

2

COS—
X

64x3\x* -2 = 32 \/E \/—2 256

=" = %+ ““lIn|cos— ——In
27 9 X

+C.

Let = tanls—zx then x = %tane and dx = %sec2 0dé and secd is always positive as ¢

belongs to (-x/2, #/2).
9-2sec’ 0do

dx B
szx/4+9x2 4.3tan? G4 +4tan? 0

3secAdd _ (3cosodé

4tan® 6 B 4sin% @
3
= +C = ——cscd+C
4sm6’ 4
34 +9x% _ A4+9x°
STa o et ¢
X
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11y

Let 9= sec™ —‘ then |y| = gsece and dy = Esecé?tan 0deo ify> 2 and dy =
2 11 11 11

—Esecetan 0do ify < _2 :
11 11

2-11secftan 0d o S 2
Va4 11

dy _ 11-2secH+/4sec’ 0 -4
yy/121y% —4 J —2-11secHtan 0d o 2

’ y <-——
—11.-2secO+/4sec? 0 —4 11

_ jtan@d& _ 19+C _ lsec—l
2tan @ 2 2

£+C

Let = sec™

%‘ then |x| = gsece and dx = gsecetan fda ifx > 3.

3/2-secftan 8d o

dx B
JXZ\/4X2—9 3/2-sec® H+/9sec’ -9

2_
= jM = ICOS@dH =sin@+C = —‘4)(9 +C.
sec@tan @ 2X

Let 0= tan‘lg then x = 3tand and dx = 3sec® @d@ and secé is always positive as € belongs

to (—x/2, #/2).

13

4 tan Z
x? 9tan% 6
dx = J ——  3sec’0do
J 9+ x° \J9+9tan? 6
0 0
tan’1§
4

I 9tan’® @secHd

0

fan13
4

9 j (sec® 6 —secH)do
0

tan13
4

=9 j (sec® 6 —sech)do

0

tan12

= 9[ P j secddo
sin®(Z - 0) 0

0 2
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4 43

tan™ 2

=9 L do-9 | secddd
8sin® (— Q)coss(f—g)

2 4 2

O ey

O ey

sin (—— )+cos (———) )
=9 4 2 d0-9 [ secodo
8sin® (— )cos (———)

tant3
= ! dé-9 I secddé
85|n(£—g)co (———) 8 in (E—Q)CO (*—*) °
4 2 4 2
si n(ﬁ - Q) 2 cos(Z-9) wry
_ +—4 2 1do-9 [ secodo
cos3(£—g) sm(f—g)cos(ﬁ—g) sin (E_Q) 0
4 2 4 2 4 2
a3
4
9 -1.(=2) - llnsin(z—9)+ (=2) 5 —Infseco+tan 0|
(—2)-8cos? (7[ =) 2 (=2)-8sin (7Z )
2 2 0
tan 13
[%48”19 1In|cosé?|—ln|sec6?+tan6?|j
0
=943 L4 )3
8 516 2 5 8
135 1, 4 3
S N 4
32 2 5

Let g = sin‘lg then x=2sin@ and dx = 2cosgdg if 0 < x < 2.

7l2
Ix JA—x? dx = I4S|n 64 —4sin’ 6 -2cos6d o
7l2

= I 16sin% @cos® 6d o
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7l2

= 4_[ (2sin@cosB)*dé
0

zl2

= 4j sin?26d0
0

7l2

= 2j (1-cos40)do
0

. 7l2
_ (za_smwj
2

0

=T.

Let 6= sec —— then x=2+/2secd and dx = 242 secd tanddo, if x > 242 .

2\2
J\/x_— 8 dx I\/BSec 6—

2\/5 sec@tan 6d 6
8sec? 0

deo

_ J-tanze
secd

P2

= jsm Hde = j(i—cose]de
cosd cosé

= In|secd + tanf| —sind + C =

\/x —8| X -

8 | «x

+C.

Let 0= sin’lE then s =3sin@ and ds = 3cosddd and cosd is always positive as 8 belongs to

[7l2, 7/2].
J\/g s? \/9989sm 3c0s9dd
in

2
:chszedg
sin“ @

_[(csc2 0-1)do

—cotd-60+C

9—s?
S

“sintiic
3

Let 0= sin’lz then x=3sin@ and dx = 3cosf#dé and cosé is always positive as 6 belongs to
[7/2, l2].
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zl2

j 27sin® 6+/9—9sin2 6 3cosHde
0

zl2

I 81sin® @ cos® 6d6
0

3
Ix3\/9— x% dx
0

7l2

81_[ (1—cos® @) cos’ Asin d&
0

7l2

= 81.[ (cos® —cos” A)sin0do
0

zl2

3 5
g1 cos 9_cos 0
3 5

0

om(l_lj =
35 5
X

NG then x =+/2secd and dx = /2 secd tandde, if x > /2.

Let &= sec™

J X o [ 2sec’o
N ) \J2sec’9-2

_ 22sec? 6
J2tan@

\/Esecetan odeo

tanad @

1

cos® o

dé

= 2jsec39d9 = 2J

2J+d0 - ZJ T 491 T 0 dg
sin*(= -0 8sin®*(=—2)cos* (&= — =
(2 ) (4 2) (4 2)

~

= ! + - do
- . 0 3,7 6 .3, 0 T 0
4sin(—-—-)cos*(——-—) 4sin°(~—-—_)cos(———
J (4 2) (4 2) (4 2) (4 2)

.7 0 T 0

sin(=-—— cos(Z -2

= (4 2) + 2 + (4 2) déo
0 .7 0 T 0 . 2, T 0O

4cos*(E -2y asin®-Dycos(E-2) asind(E-2

J (4 2) (4 2) (4 2) (4 )
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-2 -1 1

. T
= — + —In{sin(=-0)|+C
4 0, 0 T 0 2
-2)cos (——— —2)sin?
(-2) (4 2) (-2) ( 2)
= 1 + 1 5 —In|cosg|+C
4cos? (———) 4sn(z——)
_ sing —In|cosg|+C
cos’ 6@
= X _ZX——In cos£+C
X 2 X
“' 2_
:¥—Incos£+c.
X

Let &= sin™* x then x = sind and dx = cosAdd and cosd is always positive as & belongs to [0,
7l2].

1
Ixlel— X% dx
0

7l2

_[ sin® @+/1—sin® @ cosHdé
0

zl2

= I sin® @ cos® 0do

_ ”Jsm 20

Let 6 = sin —— then s = 3v2sind and ds = 32 cosfdd and cosd is always positive as 0

3V2
belongs to [-#/2, #/2].
J s ds = 18sin”
Ji8—s? J18-18sin’ 6

= J'183in26’d0 = 9](1—cos29)d9

-3\/§cos odo
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sin20

= 9(6- )+C

= 96—%sin¢9c039+c

s 9 s \/18—5?
312 232 32

s s418-5¢°

= 9sin™ - +C.

32 4

Let 0= sin™ % then r = /2 sind and dr = /2 cosddd and cosd is always positive as ¢

= 9sin™* +C

belongs to [-x/2, 7/2].

J 1 dr = J2cosé
r2—r? J2sin6\2-2sin% 6
_(do

sin@

=—In|csch + coty| + C

7 EE

=-In |— +

Let § = sec™ x then x =sec® and dx = sech tanddd, if 2 <x< /3.

2

2
0
(xzdex = J (Se;;—_l)slzsecetanede

S5

13J_ 8
32J_ 2J_
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_8-3V3
6v2

Let 6= sec‘lg then x=2sec@ and dx = 2secd tanodd, if \/5 <x< \/5

16
\/a sec 7
J 1 _ J 2secd tangd o
o \3I2 dx = 3/2
2 2
(x —4) (4sec’ 0-4)
5 sec’lﬁ
2
sec‘1£
B Jz 2secd tangd o
8tan® o
sec’lﬁ
2
sec’lﬁ sec’lﬁ
_ j sec/d dg _ Jz cosd dé
4tan® 6 4sin’ 0
_1/5 15
sec 7 sec " —
sec’lﬁ sec 10
= - 1 2 = —lcsce ’
4sin 0|, 15 4 sec 18
2 2
5B
YR

Let 0= sinl% then r = 2sinf and dr = 2cosfdd and cosé is always positive as ¢ belongs to

[0, #/2].
1 716
J;m dr = 1 77 2€0s0d0
2 a2
(4—r ) (4—45|n 49)
0 0
716 2 0
= f €7 4o
8cos’ 4
0
716

= fl sec’ 0do
4
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_ secH tanddo

Let 0= sec™e* then x =In(secd) and dx = —————— = tanddé as x >0.
secd
Je_ dx = Jﬂtanede = Isec@ do =In|sechd + tand| + C = In|e* + /e 1|+
Ve -1 Jsec’ 91

C.

Let = sin"(Inx) then Inx =sind, x = e™"’ and dx = "’ cos#dH as x >0 and x # 1.

Jr \ Inx J 1~ sm e cos0d o

|n X sm0

2 ein?
:JC?SzGdezfl -SI? Hdg
sin“ @ sin“ @

_ 2
—cotfd—-0+C = —w—sin‘l(ln X)+C.
nx

Let = tanl% then x = %tane and dx = %sec2 0dé and secd is always positive as ¢

belongs to (—x/2, 7/2).

j V49 + 4x2 d J J49+49tan’ @ 7
X

7/2tan @ 2
3
_ J?sec Hde
tan @
cos” 4sin @

_YJ( 1 +sm¢9jd9
sind cos?é

—7In|csc¢9+cot¢9|+i+c
Ccos

sec’ 0d o

[ 2
—7In|%+%|+\/49+4x2 +C

cos@da
24/sin@

Let = sin™" x* then x = «/sin@ and dx = and cosé is always positive as 6 belongs

to [-#/2, n/2].

Jxll x* Jx/l sin?@ cosOdo

(\sin@)® 24sing

_ J cos’ 0do
2sin’g
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1 ((@-sin*#)do
2 sin@

= %(—cot0—0)+c

4
= - 122)( —%sin‘lx2+c.
X

Let = sin"(Inx) then Inx =sind, x = e™"’ and dx = "’ cos#dH as x >0 and x # 1.

Jr \ Inx J 1-sin® e’ cos0do

Inx e"? sin? 0
2  ain?
:JC?SzGdezfl -SI? Hdg
sin“ @ sin“ @
_ 2
= —cotd—-0+C = —w—sin‘l(ln X)+C.
n x

cos@da
24/sin@

Let &= sin™" x* then x = +/sin@ and dx = and cos@ is always positive as 0 belongs

to [-x/2, =/2].

jx/l x* Jxll sin?0 cosOdo

(Vsind)* 2+/sin@

Jcos2 6dé
2sin’0
(1-sin?9)de

2 sin’@
1
= E(—cot0—0)+C

Vi-x*

= —7—%% x*+C.

.Let 8= sect x then x=sec®d and dx = secd tanddo, if 1 < x < 2.

7l3

_[ sec? O+/sec’ @ —1 sech tanod o
0

zl3

Isec39tan29 dée

P C— N
>
N
>
N
|
[BEN
o
>
1

7l3

I (sec® 6—sec’ ) do
0
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3 sin(——g) cos(=——)

713
I (sec® 6 —sec’ ) do

0

7l3 1 1
- I .5 T -3 do
o \sin°(7/2-0) sin*(x/2-0)

7l3
1 1
= - d
-\ 32sin°(z/4—-6012)cos*(x/4—-6012) 8sin*(x/4-012) coss(z/4—6?/2)}

. 3
| (sin(r14-012)+cos’(x14-012)) _sin’(z/4-012)+cos*(z/4-012) | .
- | 32sin°(z/4-012)cos’(x/4-012)  4sin’(z/4-612)cos’(n/4-612)

13 Sin(z—g) COS(E—Q)
= ”j 4 2", 3 + 3 + 4 2 e
0 ... 0 T 0 .7 0 T 0 . e 0O
0 | 32c05°(Z—2) 32sin*(E=Dcos(E-2) 32sin(E-Dcos*(E-2) 32sin(E-2
(4 2) (4 2) (4 2) (4 2) (4 2) (4 )
7l3
B J. T 6’1 T 0 * T 91 T 0 do =
0| 4sin(=——-)cos* (5 ——2) 4sin®(5 —2)cos(S -~
(4 2) (4 2) (4 2) (4 2)

cos(z—g) sin(ﬁ —Q)
4 2 4 2
+ + deo
sin(ﬁ—g)cos(f—g) sinS(E—g) cos3(ﬁ—g)
4 2 4 2 4 2 4 2

4 2 3 2

+ +—
_9y 3

0 | 32c05° (5= ) 32sin° ("
272 4

.7 0 T 0
T SIN(— —— COoS(— ——
ol sinC—2) 2 G5

—I + + do =

0 N T 0 . 3, 0
0| 4cos*(B-2) asinE-Dycos(E-2) asin®(E-Z
(4 2) (4 2) (4 2) (4 )

713

2 N -2 .

o, T 0 Y A
32(-4)cos (Z_E) 32(-4)sin (Z_E)

0

7l3
?;—:Insin(%—ﬁ)+3%- (_2)” 0+3%- 27[ 7 —
~2)sin’(5 - = ~2)cos’ (5 ——
(-2) (4 2) (-2) (4 2) :
7l3
7l3
_72 _17[ - 1ﬂ | -miinC-0)| =
~2)cos’ (5 ——2)  (=2)sin*(=—— 0
(=2) (4 2) (-2) (4 2)

0
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T 0 T 0 w8 2T 0 2T 0 e

cos? (= —2)—sin? (5 -2) , cos*(~—-—_)-sin“(*-—)
4 2 4 2 + 3_4|n|cosg|+i. 4 2 4 2
64cos4(ﬁ—g)sin4(z—g) 32
4 2 4 2

cos? (% - 9)sin?(F - 9)
. 4 2 4 2 )|
/3

713 713

. ., T 0 T 0
sin*(5——-)—cos’ (5 ——
-1 (4 2) (4 2)
4 ﬁ_g)
4 2 0

—In|cos |

7l3 _ sin@
0 4cos* O cos’

+ g(ln|cose|+ sin® j

cosz(Z—z)sinz(

( sin@ j
cos® 6
2

. i- The are of the sector of the circle is S, = av

0 0

7l3

0

—In|cos€””/3 = %x/é—glnz.

0

The area of the triangle is S, = absing .
2 _ -

Then the are of the shaded regionis S =S, -S, = ag-absing stm 0 .
ii-S= j\/az —x%dx.

b
Using a trigonometric substitution 8 = sin™* x
we have
a sinta sinta 2 sinta
I\/az—xzdx = j Ja’—a’sin*@-acosfdé = j a’cos’ 0do = a? '[ (1—cos26)dé =
b sintb sin'b sin'b

2 . sinta 2 - 2
a?(6?— 3|n220) = a?(e—sin gcoso)| ., = a?(sin‘1 a—sinb—ayl-a? +by1-b?).
sin'b
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2. Partial Fractions
N B _ AX—A+BXx _ (A+B)x—A
x(x-1)  x x-1 x(x-1) x(x-1)

This implies that —1 = (A + B)x — A.
A+B=0 A=1
= :
-A=-1 B=-1

-1 1 1

Therefore, = - - —
x(x-1)  x x-1
4x 4x __ A, B _A(x+1)+B(x-1) _(A+B)x+A-B
=1 (x-1)(x+1) x-1 x+1 (x—=1)(x+1) (x—=1)(x+1)

This implies that 4x = (A + B)x + A—B.
A+B=4 B=2
= :
A-B=0 A=2

Therefore, 4x = 2 — 2

x’-1 x-1 x+1

8x-8  _ 8x—8 _ A B A(x—5)+B(x+11)

= = +
x> +6x-55 (x+11)(x-5) x+11 x-5 (x+11)(x-5)

(A+B)x-5A+11B
(x+11)(x-5)

This implies that 8x — 8= (A + B)x — 5A + 11B.
A+B=8 B=2
= .
—-5A+11B=-8 A=6

8x-8 _ 6 2
x> +6x—-55 x+11 x-5

Therefore,

8 —13x—4 _ 8C-13x—4 _A B _ C _ A(X+x-2)+Bx(x-1)+Cx(x+2)
X

Cx2-2x x(x+2)(x-1) ¥ X+ 2 ¥ X1 x(x2
+x—2)

_ (A+B+C)x*+(A-B+2C)x-2A
X(X*+x-2) '

This implies that 8x* —-13x—4 = (A+B+C)x*+(A-B+2C)x—2A.

A+B+C=8 A=2
A-B+2C=-13 = <{B=3.
—2A=-4 C=3
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8x*-13x—4 _ 2 3 3
Therefore, ————— = — + + —.
X*+X°=2x  x  x+2 x-1
—x+15 _  -x+¢15 _A_ B _ C _
X*+6x*+5x  x(x+5)(x+1) x x+5 x+1

A(x2+6x+5)+ Bx(X+1)+Cx(x+5) _ (A+B+C)x*+(6A+B+5C)x+5A
x(x2 +6x+5) x(x2 +6x+5) '

This implies that —x + 15 = (A+B+C)x* +(6A+B+5C)x+5A.

A+B+C=0 A=3
6A+B+5C=-1 = {B=1.
5A=15 C=4
Therefore, % 3,1 4
X°+6X°+5x X Xx+5 x+1
20X +2 A B C

X=2)(x+1)(x+5 - X—2 ¥ x+1+ X+5 -
(x=2)(x+1)(x+5)

A(x+1)(x+5)+B(x—2)(x+5)+C(x—-2)(x+1) _
(x—2)(x+1)(x+5)

(A+B+C)x*+(6A+3B-C)x+5A-10B-2C
(x—2)(x+1)(x+5)

This implies that 20x + 2 = (A+B+C)x* +(6A+3B—C)x+5A-10B-2C.

A+B+C=0 A=2
6A+3B-C=20 = Bzg .
5A-10B-2C =2
7
C=—
2
3 7
Therefore, 20x+2 = 2 + -2 4 2.

(x—2)(x+1)(x+5) x-2 x+1 x+5

6x’ —4x+2 _ 6x’—4x+2 _ A Bx+C _ A +D)+(Bx+C)x _ (A+B)x"+Cx+A
X° + X X(X+1)  x X+l X(x* +1) X(x* +1) '

This implies that 6x* —4x+2 = (A+B)x*+Cx+A.

A+B=6 A=2
C=—4 = {B=4.
A=2 C=—4
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6x° —4x+2 _ 2 L Ax-4

Therefore, 5 — —
X"+ X X X +1
x> —4x-1 __A , Bx+C _ A(X2+X+2)+(BX+C)( 1) _
(x—l)(x2+x+2) X—=1 X*+Xx+2 (x—l)( 2+x+2)

(A+B)x*+(A-B+C)x+2A-C
(x=1)(x*+x+2)

This implies that x* —4x-1 = (A+B)x*+(A-B+C)x+2A-C.

A+B=1 A=-1
A-B+C=-4 = |B=2.
2A-C=-1 C=-1
2
Therefore, X—ax-1 _ -, 22)(_1 .
(x—l)(x2+x+2) X—=1 X*+Xx+2
2 —4x__ _ A L Bx+C _ A(X* +4) +(Bx+C)(x+2) _
(x+2)(x2+4) X+2 x*+4 (x+2)(x2+4)

(A+B)X* +(2B+C)x+4A+2C
(x+2)(x2 +4)

This implies that 2x* —4x = (A+B)x*+(2B+C)x+4A+2C.

A+B=2 A=2
2B+C=-4 = { B=0 .
4A+2C =0 C=—4

2
Therefore, X-ax-1 _ 2 2_4 .
(x—l)(x2+x+2) X+2 X2+4
4 _A_ B _Cx+D _ A(x=1)(x* +1) + Bx(x* +1) + (Cx+ D)(x~1)x _
X(x l)(x2+1) x x-1 x*+1 x(x—l)(x2+l)
(A+B+C)x’+(-A+D-C)x*+(A+B-D)x—A

X(x-1)(x* +1)

This implies that 4 = (A+B+C)x* +(~A+ D—-C)x* + (A+B-D)x—A.

A+B+C=0 A=-4
-A+D-C=0 = { B=2
A+B-D=0 C=2
-A=4 D=0
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Therefore, 4 = + L + 2x

x(x—l)(x2+1) X ox-1 xX2+1

+

2x+1 _ 2x+1 A
X

3 2 -

B C _ AX(x-1)+B(x-1)+Cx*
X—x2 x3(x-1) o - '

x> x-1 x*(x-1)

This implies that 2x + 1 = Ax(x—1) + B(x—1)+Cx>.

The last equation is true for all xeR, even forx =0 or x = 1.
Substitution x =0in 2x + 1 = Ax(x—1)+B(x—-1)+Cx® yields B = 1.
Substitution x =1 in 2x + 1 = Ax(x—1)+B(x-1)+Cx® yields C = 3.
Then 2x + 1= Ax(x—1)—(x-1)+3x°.

Substitution x =2 in 2x + 1 = Ax(x—1) —(x—1) +3x° yields A = -9.

Therefore, % =2, _—21 + i
X" —X X X x-1
2Xx+12 2X+12 A B C D
= = +—2 + + =

(x2_2x)2_x2(x—2)2 X X X—2 (x—2)2_

AX(x—2)% + B(x—2)* +Cx*(x—2) + Dx?
X’ (x—2)2 '

This implies that 2x + 12 = Ax(x—2)* + B(x—2)* + Cx*(x—2) + Dx*.

The last equation is true for all xeR, even forx =0 or x = 2.

Substitution x = 0in 2x + 12 = AX(x—2)* +B(x—2)* + Cx*(x—2) + Dx’ yields B = 3.
Substitution x =2 in 2x + 12 = Ax(x—2)* + B(x—2)* +Cx*(x—2) + Dx* yields D = 4.

Then 2x + 1= AX(Xx—2)* +3(x—2)* +Cx*(x—2) +4x°.

Substitution x =1 in 2x + 12 = AX(X—2)* +3(X—2)* + Cx*(x—2) + 4x* yieldsA—-C = 7.
Substitution x = 3in 2x + 12 = AX(x—2)* +3(x—2)* + Cx*(x —2) + 4x° yields 3A + 9C = 7.

The solution of two equationsin Aand Cis A = % and C = _?7
14 -7
Therefore, lez =3 iz .3 ,_ 4 _
(-2x)°  x X x=2 (x-2)
36 _A_ B C D _
2 + + + > =
x(x-1)(x+1) X x-1 x+1 (x+1)

A(X—1)(X+1) + BX(X +1)* + Cx(x* —1) + Dx(x —1)
x(x—l)(x+1)2 '
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This implies that 36 = A(X—1)(x+1)* + Bx(x+1)* + Cx(x* =1) + Dx(x -1) .

The last equation is true for all xeR, even forx=0,x=-1orx=1.

Substitution x = 0 in 36 = A(x—1)(x+1)* + Bx(x +1)* + Cx(x* —1) + Dx(x—1) yields A = —-36.
Substitution x = -1 in 36 = A(X—1)(x+1)* + Bx(x +1)* + Cx(x* —1) + Dx(x —1) yields D = 18.
Substitution x = 1 in 36 = A(X—1)(x+1)? + Bx(x +1)* + Cx(x* —1) + Dx(x —1) yields B = 9.
Then 36 = —36(X—1)(x+1)* +9x(x +1)* + Cx(x* —=1) +18x(x —1).

Substitution x = -2 in 36 = —36(X —1)(x+1)* + 9x(x +1)* + Cx(x* —1) +18x(x —1) yields C = 9.

Therefore, 36 -%6,9 , 29, 18

x(x—l)(x+1)2 X x-1 x+1 (x+1)2'

8 _ 8
(xz—x)2 XZ(X—fl.)2

AX(x—1)* +B(x—1)* +Cx*(x—1) + Dx*
X2 (x—l)2 '

+ + - =
X x-1 (x—l)

A B C D
=—+ =
X

This implies that 8 = Ax(x—1)* + B(x—1)* + Cx*(x—1) + Dx?.

The last equation is true for all xeR, even forx =0 or x = 1.

Substitution x = 0 in 8 = Ax(x—1)* + B(x—1)* +Cx*(x—1) + Dx* yields B = 8.
Substitution x =1 in 8 = Ax(x—1)* + B(x—1)* +Cx*(x—1) + Dx* yields D = 8.

Then 8 = Ax(Xx—1)? +8(x—1)* + Cx*(x—1) +8x°.

Substitution x =2 in 8 = Ax(x—1)> +8(x —1)* + Cx*(x—1) +8x? yields A + 2C = —16.
Substitution x = -1 in 8 = Ax(x—1)* +8(x—1)* + Cx*(x—1) +8x” yields 2A + C = 16.

The solution of two equations in Aand C is A= 16 and C = -16.

8 16 8 16 8
Therefore, ;= — +— + + =
(xz—x) X X x-1 (x—l)
2x*+50 _ A ,B,C . D _ AX(X +5)% + B(x +5)* +Cx*(x +5) + Dx*
xz(x+5)2 X x*  x+5 (x+5)2 xz(x+5)2 '

This implies that 2x* +50 = AX(x+5) +B(x+5)* + Cx*(x +5) + Dx*.

The last equation is true for all xeR, even for x =0 or x = -5.

Substitution x = 0 in 2x*+50 = AX(X+5)* + B(x+5)* + Cx*(x +5) + Dx’ yields B = 2.
Substitution x = -5 in 2x*+50 = AX(x+5)* + B(x+5)* + Cx*(x+5) + Dx* yields D = 4.

Then 2x*+50 = AX(X+5)? +2(x+5)? + Cx*(X+5) +4X>.
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Substitution x = 1 in 2x* +50 = AX(X+5)* +2(Xx+5)* + Cx*(x +5) + 4x* yields 6A + C = —4.

Substitution x = -1 in 2x* +50 = AX(X+5)* +2(x+5)* + Cx*(x +5) + 4x* yields -4A + C = 4.

The solution of two equationsin Aand Cis A = _?4 and C = g .

4 4
2 JE— _
Therefore, 2X—+502 =9 4 % . 5 ., 4 .
x*(x+5) X X X+5  (x+5)
ax+12 A B C D
= + + +

(1 (x+1)  x+1  (x+1) x-1 (x-1¢

A(x—1)° (x+1)+B(x—1)" +C(x~1)(x+1)" + D(x+1)’ |
(x—l)z(x+1)2

This implies that 4x + 12 = A(x—1)"(x+1)+ B(x—1)° +C(x~1)(x+1)" + D(x+1)",

The last equation is true for all xe R, even for x=1or x =-1.

Substitution x = 1in 4x + 12 = A(x—1)" (x+1)+ B(x-1)" + C(x—1)(x+1)" + D(x+1)" yields
D=4

Substitution x = -1 in 4x + 12 = A(x—l)2 (x+1)+ B(x—l)2 +C(x—1)(x+1)2 + D(x+1)2 yields
B=2.

Then 4x + 12 = A(x—1)" (x+1)+2(x=1)" + C(x—1)(x+1)" + 4(x+1)".

Substitution x =0 in 4x + 12 = A(x—l)2 (x+1)+2(x—1)2 +C(x—1)(x+1)2 +4(x+1)2 yields A
-C=6.

Substitution x =2 in 4x + 12 = A(x—l)2 (x+1)+2(x—1)2 +C(x—1)(x+1)2 +4(x+1)2 yields A

+3C =-6.

The solution of two equationsin Aand C is A = % and C = 1 .

3

19 1

4x+12 3 , 2 .3 ., 4

(x-1F (x+1)°  x+1  (x+1f  x-1  (x-1f

Therefore,

5 _ Ax+B  Cx+D _ (Ax+B)(X*+4)+(Cx+D)(x*+1) _

(x*+4)(xX*+1)  x*+4 T (x*+4)(x*+1)

(A+C)x*+(B+D)x*+(4A+C)x+4B+D
(x2+4)(x2+1)
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This implies that 5= (A+C)x*+(B+D)x*+(4A+C)x+4B+D.

A=0
A+C=0 5
B+D=0 B=3
= :
AA+C =0 C=0
4B+D=5 5.5
5 5
5 3 3
Therefore, = + )
(x2+4)(x2+1) X+4  x*+1

1 1 A B Cx+D Ax(x2+1)+ B(x2+1)+(Cx+ D)x?
x* + X2 xz(x2 +1) X X x2+1 X2 (x2 +1)
(A+C)x*+(B+D)x*+Ax+B

xz(x2 +1)

This implies that 5= (A+C)x*+(B+D)x* + Ax+B.

A+C=0 A=0
B+D=0 B=1
= .
A=0 C=0
B=1 D=-1
1 1 -1
Therefore, == +
x*+x* x2 X'+l
8x+9 A B C D

(+1(x+2)  x+1 (x+1)  (x+1) x+2

A(x+1)2(x+2)+ B(x+1)(x+2)+C(x+2)+ D(x+1)3 .
(x+1)3(x+2)

This implies that 8x + 9 = A(x+1)2(x+2)+ B(x+1)(x+2)+C(x+2)+ D(x+1)3.

The last equation is true for all xeR, even for x=-2 or x = -1.

Substitution x =-2in 8x + 9 = A(x+l)2(x+2)+ B(x+1)(x+2)+C(x+2)+ D(x+1)3 yields D
=17.

Substitution x =-1in 8x + 9 = A(x+l)2(x+2)+ B(x+1)(x+2)+C(x+2)+ D(x+1)3 yields C
=1.

Then 8x + 9 = A(x+1)" (x+2)+B(x+1)(x+2)+(x+2)+7(x+1)’.
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Substitution x=0in8x + 9 = A(x+l)2(x+2)+ B(x+1)(x+2)+(x+2)+7(x+1)3 yields A + B
=0.

Substitution x=1in8x + 9 = A(x+1)2(x+2)+ B(x+1)(x+2)+(x+2)+7(x+1)3 yields 2A +
B=-7.

The solution of two equationsin Aand BisA=-7and B =7.

Therefore, 8x+9 el A S S|

(x+1)3(x+2) X+1 (x+1)2 (x+1)3 X+2

XA+ X+2 2X+7
=(x+4)+
(x+1)(x-1)

_ A B _
(x+1)(x-1) =xrd)y x+1 ' x—1 =)
A(x-=1)+B(x+1) _

N (A+B)x—A+B
(x+1)(x-1) '

(x+1)(x-1)

(x+4)

This implies that 2x + 7 = (A+B)x—A+B.

1
A+B=2  |AT73
_A+B=7 9
+B= 5.2
2
1 9
3 2 — Il
Therefore, = A+ X+ 2 =(x+4)+ 2 + 2
(x+1)(x—1) x+1 x-1
2
2¢+11x-10 _,, 21x-10 _, A, B _, A(X-5+Bx
X(x—5) x(x-5) X Xx-5 x(x-5)

This implies that 21x — 10 = A(x—5) + Bx.
{A+B=11 {A=—2

= .
-5A=10 B=13
2
Therefore, w =2+ __2 + £
x(x-5) X x-5

X—4 A N B _ (A+B)x+2A
X(x+2)  x  x+2 x(x+2)
This implies that x — 4 = (A + B)x + 2A.

A+B=1 A=-2
= .
2A=—4 B=3

Therefore,
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x4 dx = j(—2+i)dx =-2In|x| +3In|x + 2| + C = |n_|X+2 | +C.
x(x+2) X  X+2 X

12x-6 _  12x-6 _ A B _ (A+B)Xx-2A+3B
= = + = .
X +x-6 (x+3)(x-2) x+3 x-2 (x+3)(x-2)
This implies that 12x — 6 = (A + B)x — 2A + 3B.

42
A+B=12 A=+
= :
2A+3B=-6 | _18
5
42 18
Therefore, 122)(_6 =2 4 5
X“+X-6  Xx+3 -2
Jéﬁkﬁldngj(—l—%iiqu S (7In[x+3]+3In|x-2))+C
X“+X—6 5 ) (x+3 2 5
6
—In(|x+3|"-|x=2F)+C
ZIn(Ix+31"+[x-2F)
X*+3 x*+3 _A_ B N _ (A+B+C)x*+(A-B+2C)x—2A
¥ +x?-2x  x(x+2)(x-1) x x+2 x-1 X(x+2)(x—1) '
This implies that x> +3 = (A+B+C)x*+(A—-B+2C)x—2A.
A=-3
A+B+C=1 2
A-B+2C=0 = B:—%.
-2A=3 5
c=-%
3
3 17 2
, o i e
Therefore X—:_s = _2 + _6 + _3
X2+ X2 —2x X X+ x-1
X +3 31 17 1 2 1
- dx = - -_- .- _=. dx =
X*+ X —2X 2 X 6 x+2 3 x-1
3 17

——In|x|——|n|x+2|—gln|x 1|+C.
2 6 3
100 _ 100 A B
X =x2=2x  x(x-2)(x+1) x x-2 x+1
(A+B+C)x* +(-A+B-2C)x—2A
X(X—2)(x+1) '
This implies that 100 = (A+B+C)x* +(—A+B—2C)x—2A.




A+B+C=0 A=-50
-A+B-2C=0 > B—50 .

3
—2A =100
¢ 100
3
50 100
Therefore, — 100 -0, 3 ,_3

X2 —x? —2x X X—2 X+1

J# dx = 0 (__3+—1 +i) ox = 5_0(_3|n|X|+|n|X—2|+2|n|X+1|)JrC =
X® —x*=2x 3 X 3

X—2 Xx+1 -
50
—I1 -2 17 - x|?)+C.
3 N(Ix=20 x+1P o x?)+
2 2 A B C (A+B)x*+(-2A+B+C)x+A
3 2 = ;- 7 + 7 - 2
X =2x"+x  x(x-1)°  x x=1 (x-1) x(x-1)
This implies that 2 = (A+B)x* +(-2A+B+C)x+A.
A+B=0 A=2
-2A+B+C=0 = <B=-2.
A=2 C=6
Therefore,#:E y 2 ® -
X*=2x"+x x x-1 (x—l)
2
f%dx: 2,72 O lax=2imx-2nx 1+ 2 +c=h—2_|+
X*—=2X° +X x x=1 (x-1) x—1 (x-1)
__6+C
x—1
4x _ A, B, C _ (A+B+C)x*+(2A+C)x+A-B-C

(x—l)(x+1)2 x-1 x+1 (x+1)2 (x—l)(x+1)2
This implies that 4x = (A+B+C)x*+(2A+C)x+A-B-C.
A+B=0 A=1

2A+C=4 = {B=-1.

A-B-C=0 C=-3

Therefore, ax -1 + -1 + -3

(x=1)(x+1)"  x=1  x+1 (x+1)°

J s 7 dx = : + = + = = | dx = In|x—1|—|n|x+1|+i+c =
(x-1)(x+1) Xx=1 x+1 (x+1) x+1
In—lx_1|+—3

[ x+1] x+1
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2
= + =
X2 (x-1)° x* x=1 (x-1) X2 (x-1)’
This implies that 2 = Ax(x—1)" + B(x~1)" +Cx* (x—~1)+ Dx.

2 2 2 2
_A Ez+ C D _ Ax(x-1)"+B(x-1)" +Cx*(x—1)+ Dx |
X

The last equation is true for all xeR, even forx =0 or x = 1.

Substitution x =01in 2 = Ax(x—l)2 + B(x—l)2 +Cx*(x—1)+Dx* yields B = 2.
Substitution x =1in2 = Ax(x—l)2 + B(x—l)2 +Cx*(x—1)+Dx* yields D = 2.
Then 2 = Ax(x—1)" +2(x—1)" +Cx?(x-1)+2x*.

Substitution x =2 in 2 = Ax(x—l)2 +2(x—1)2 +Cx? (x—1)+2x* yields A +2C = —4.

Substitution x =-1in 2 = Ax(x—l)2 +2(x—1)2 +Cx?(x—1)+2x* yields 2A - C = 1.

The solution of two equationsin Aand Cis A = % and C = _—7.
Therefore, % -2 +%+ =T 2 -
x2(x-1)° 3 x* 3(x-1) (x-1)

% dx = 3+%+ = _,_2 > [dx = g|n|x|—Z|n|x—1|—3—i+c =
x*(x-1) 3x X 3(x-1) (x-1) 3 3 x x-1
2

5x+1 _ 5x+1 _ A N B _ A(x-1)+B
x> -2x+1  (x-1)* x-1 (X_1)2 (x-1)?
This implies that 5x + 1 = A(x-1)+B.

The last equation is true for all xe R, even for x = 1.
Substitution x=1in5x +1 = A(x-1)+ B yields B = 6.
Then5x + 1= A(x-1)+6.

Substitution x=01in5x + 1 = A(x—-1)+6 yields A=5.

5x+1 5 6
= +

X2 —2x+1  x-1 (x-1)°"

J25X—+1 dx = i+ 6 > | dx :5In|x—1|—i+C.
X°—2x+1 x—1 (x—l) x—1
2% +1 B C D E
2 2 + >t + 2
X(x+2)"(x-1) Xx+2  (x+2)" x-1 (x-1)
A(x+2)° (x=1)° +Bx(x+2)(x~1)" + Cx(x—=1)" + Dx(x +2)" (x~1) + Ex(x+2)’
x(x+2)2(x—1)2 '

Therefore,

A
= — +
X
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This implies that 2x + 1 =

A(x+2)2 (x—l)2 + Bx(x+2)(x—l)2 +Cx(x—1)2 + Dx(x+2)2 (x—-1)+ Ex(x+2)2.

The last equation is true forall xeR, even forx=-2,x=0o0rx = 1.

Substitutionx=-2in2x+ 1=

A(x+2)2 (x—l)2 + Bx(x+2)(x—l)2 +Cx(x—1)2 + Dx(x+2)2 (x—=1)+ Ex(x+2)2 yields C =

Substitutionx=0in2x+ 1=

A(x+2)2 (x—l)2 + Bx(x+2)(x—1)2 +Cx(x—1)2 + Dx(x+2)2 (x—=1)+ Ex(x+2)2 yields A =

1

4

Substitutionx=1in2x+ 1=

A(x+2)2 (x—l)2 + Bx(x+2)(x—l)2 +Cx(x—1)2 + Dx(x+2)2 (x—=1)+ Ex(x+2)2 yields E =

Then2x + 1=

%(x+2)2(x—1)2 +Bx(x+2)(x-1)" +%x(x—1)2 " Dx(x+2)2(x—1)+%x(x+2)2.

Substitutionx=-1in2x+ 1=

ol

Wl

%(x+2)2(x—1)2 +Bx(x+2)(x-1) +%x(x—1)2 " Dx(x+2)2(x—1)+%x(x+2)2 yields 4B -

2D =

w|~

Substitutionx=2in2x+ 1=

%(Hz)z (x—1) + Bx(x+2)(x 1)’ +%x(x—1)2 +Dx(x+2)’ (x—l)+éx(x+2)2 yields 4B +

4D =

Wk

The solution of two equationsinBand DisB=-1and D = %1

Therefore, 2x+1 -1, 1y 1 st 41

x(x+2)2(x—1)2 4X  x+2 6(x+2)2 3(x-1)  3(x-1)

J 2x+1 I 1 1 1
> s dx = || —+ + 5+ + 5 | dx
Xx(x+2)"(x-1) 4x  x+2 6(x+2) 3(x-1) 3(x-1)

1 1 1 1
| -1 21— =1 -1|- C.
7 T P S R B T P
9x% —x+10 _ 9x? — x+10 _ A, Bx+C _ (A+B)x*+Cx+2A
x® + 2x x(x2+2) X X242 x(x2+2) '
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This implies that 9x* —x+10 = (A+B)x* +Cx+2A
A+B=9 A=-5
C=-1 = <B=14.
-2A=10 C=-1

2_ — J—
Therefore, —9X x+10 = —5 + 142X 1.
X X +2

3
Ox*—x+10 . ((-5 14x-1 _((-5 14x 1 _
S—dx— —+— dx = —+— - dx =
X +2X X X +2 X X +2 X +42

X* +2X
) 1 4 X
=5In|x|+7In(x* +2)——=tan " —+C.

V2 2
1 _ A, Bx+C _ (A+B)X* +Cx+A
x(x2+1) X x*+1 x(x2+1) '
This implies that 1 = (A+B)x* +Cx+ A
A+B=0 A=1
C=0 = <B=-1.
A=1 C=0
Therefore, 1 i, =
X(X+1)  x  x*+1

j 1 o= (L - jdx=|n|x|—1|n|x2+1|+c.
X+ X X X +1 2

5x* +5x*+7x+20 _ 5x°+5x*+7x+20 _ A B L Cx+D _

x* +4x? - xz(x2+4) x X xX2+4
(A+C)x* +(B+D)x* +4Ax+4B
X* (%% +4) '
This implies that 5x* +5x* +7x+20 = (A+C)x*+(B+D)x* +4Ax+4B

7
A+C=5 AzZ
B+D=5 B=5
4A=T o 13
4B =20 4
D=0

3 2
Therefore. 5x° +5x°+7x+20 _ l 4 £+ 13x

x* +4x2 4 X2 AP +4)

3 2
Jsx 5+ Tx120 g (7,5, 13 Vo T 5 B e
4x  X* 4(X*+4) x 8

x* +4x° 4
2

2¢+11x-10 _,, 21x-10 _, A, B _, (A+B)X-5A
x(x—5) Xx(x-5) X Xx-5 X(x—5)



This implies that 21x — 10 = (A+ B)x—5A.
A+B=21 A=-2
= :

-5A=10 B=23

2 — —

Therefore, —2X +11x-10 =2+ —2 + 23 )
X X-5

-2

Xx(x—5)

2 —_— _
wdxzj( —< j dx = 2x—2In|x|+23In|x=5|+C .
X(x—5)
X+4 _ 8 A

X -4 (x— 2)(x+2)
This implies that 8 = (A+B)x— 2A+ZB.

A+B=0 A=-2
= .
—2A+2B=8 B=2

2
x+4:1+ -2 N 2

X =4 X—2 X+2

2
fxz+4dx J(1+—2+inx-x 2In|x-2|+2In|x+2|+C = x+In (x+2) +C.
X°—4 X—2 X+2 (x—2)°

1 _ 1 _ A N B N Cx+D _
X' -16  (x=2)(x+2)(x*+4) x-2 x+2 X*+4
A(X+2)(X* +4) + B(x—2)(x* +4) + (Cx+ D)(x* —4)
(X=2)(x+2)(x* +4)
This implies that 1 = A(X+2)(x* +4) + B(x—2)(x* + 4) + (Cx+ D)(x* - 4) .
The last equation is true for all xe R, even for x=-2 or x = 2.

(A+B)x—2A+2B
(x-2)(x+2)

—+i:1+
2

Therefore,

Substitution x =2 in 1 = A(X+2)(x* +4) + B(x—2)(x* + 4) + (Cx+ D)(x* —4) yieldsB= —

Substitution x =2 in 1 = A(X+2)(x* +4) + B(x—2)(x* +4) + (Cx+ D)(x* —4) yields A= —
1 2 1 2 2

Thenl= §(X+Z)(X +4)—§(x—2)(x +4)+(Cx+ D)(x“ —4).

Substitutionx=01in 1= 3iz(x+ 2)(x* +4) —3—12(x—2)(x2 +4)+(Cx+D)(x* —4) yields D = % .
1

Substitution x = —1in 1 = é(x+ 2)(x% +4) —3—12(x—2)(x2 +4)+(Cx+D)(X" ~4) yields C = 7.

1 N -1 L4 8

Therefore, — = > .
x*=16 32(x-2) 32(x+2) X“+4
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1 1 -1 2x+1
J dx = + + dx
x*-16 J(32(X—2) 32(x+2) 8(x* +4)j

Lnix=2/=Lmnx+ 2]+ 3nee + )+ a2
32 8 16" 2

32
2 4
ilnlx—Zl(x +4) itan‘liJrC.
32 | Xx+2] 16 2
XA+ X+2 2x+6 A B _ (A+B)x-A+B
=X+4+ ——— _ =xX+4+ — + — =x+4
(x+1)(x-1) (x+1)(x-1) x+1 x-1 (x+1)(x-1)
This implies that 2x + 6 = (A+B)x—A+B.
A+B=2 A=-2
= .
~A+B=6 B=4
3 2 _
Therefore, X +AX +X+2 =x+4+ —2 + i
(x+1)(x-1) x+1 x-1
XA X2 o Hx+4-i+iJ dx = % 4 4x—2In [ x-+1]141n | x—1| +C =
(x+1)(x—1) Xx+1 x-1 2
2 4
X—+4x+|n (x 1)2+C.
(x+1)

Let 9 = e* then J

do.
j92—1

1 _ 1 _ ., B _(A+B)o+A-B
02-1 (6-1)(6+1) 9—1 0+1  (0-1)(6+1)
This implies that 1 = (A+B)6+ A—B.

1
A+B=0 A=§
A-B=1 - 1’
- a1
2
1 1

Therefore,

-1 2(0-1) 20+1)
1 go-= 1 1 Jgo-= —(|n|e 1]-In|0+1])+C = —|nIe Uic.
0’ -1 200-1) 2(6+1) 2 e +1|

— 4 — - - 1 — 1 =
Let = /x then J—&(X_l dx j92—1 de SHZ(G—D 2(e+1)j do

4(In[6-1]-In|6+1[)+C -4In|e +C = \/_ 1'
|9+1| I\/_+1|
a) Ifu=tangthene=2tanlu.
u 1 _

sin = sin(2tan"u) = 2sin(tan" u)cos(tan"u) = 2

J1+u? .\/1+u2 1+
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2 2 2
cosd = cos(2tantu) =1 - 2sin’(tan*u) :1—2{ 4 ] SE P Ly

J1+u? 1+u®  1+u?

d0 = d(2tan*u) = 294
+u
2u
_sin 1+u 2du _ 4u
b) - 2 2 = 2 2du
sin0—cos0 cose 2u  1-u® 1+u (u*+2u-1)(1+u?)
1+u® 1+u?
4u _ Au+B Cu+D _

= +
(u+2u-1)(1+u*)  u*+2u-1  1+u®
(A+C)u*+(B+2C+D)u®*+(A-C+2Du+B-D

(u2+2u—1)(1+u2)
This implies that 4u = (A+C)u®*+(B+2C + D)u*+(A-C+2D)u+B-D.
A+C=0 A=1

B+2C+D:O:> B=1
A-C+2D=4 C=-1
B-D=0 D=1
Therefore, — au - _u+l  cu+l

(u +2u—1)(1+u2) u?+2u—-1 1+u?®’

4u du _J( u+1 +_u+l)du _
(u2+2u—1)(1+u2) )W r2u-1 142 -

[u?+2u-1]|

—In|u +2U-— 1|——In(u +D)+tanu+C = —I n————+tan'u+C =
2 2 u-+1
1 |tan29+2tan9—1l 0 1 0
—In 2 5 2 __i24C = —In|sin6—cosO|+—=+C.
tan® —+1 2 2
2

4 4 8 7 6 5 4

X" (1 ;() _ X —4x +6x24x X 6 A Byt A d 42.

1+x 1+x 1+x

1
xX'@-x* dx = J(x6—4x5+5x4—4x2+4— 4 2jdx =
1+ %2 1+ X

5]
;

X 1A A =2,
7 7 3 7

3
—4—+x5—4—+4x 4tan' x
6 3
0
1

4
6
= ! - 1 __ Ax+B _ Cx+D  _
1+x* (1+x2)2—2x2 (1+X2+\/§X)(1+X2—\/§X) 1+x2+42x  1+x%2—f2x
(AX+B)(1+X2—\/Ex)+(Cx+D)(1+x2+\/§x)
(1+x2—«/§x)(l+x2+\/§x) '
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This implies that 1 = (Ax+ B)(1+ G —\/Ex)+(Cx+ D)(1+ G +\/§x) .

1
A=—_
22
A+C=0 1\/_
—J2A+B+/2C+D=0 BZE
=
A-~2B+C++/2D=0 C=_ 1
B+D=1 2\2
D=+
2
TV N S
Therefore, L. 22 2 + V2 2

1+x* 1+x2+42x 1+ X2 =2x

J2
J - x+¥2 _ x=v2 dx = "2 dx —+
1+x* 22 [l X +2x+1 x2—2x+1 22 | X2 +2x+1

X+—| +=
2 2

1
4 LY 1 2R
) )k

1 _ _
+ m(tan L(x4/2 +1) + tan 1(x\/i—l)) + C.
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3. Integration by Parts

1. Let u = x and dv =sin2xdx then du = dx and v = —COSZX )
Ixsian dx = _xcost N Jcost dx = _xcost N sin 2x i C
2 2 4
sin3y

Let u=yand dv = cos3ydy then du=dy and v =

5 . 5¢. 5 . 5
5ycos3y dy = —ysin3y — —|sin3ydy = —ysin3y + —cos3y + C.
[Sycos3y dy = Zysin3y — ~[sin3ydy = —ysin3y + _cos3y
Letu=tanddv=e' dt thendu=dtandv=e'.
1 1
Jate' dt = 2te'|; — 2fe' dt = 2te'|; - 2et‘1 =2e-2e+2=2.
0 0 0

5x
Letu=xand dv=e>dx thendu=dxandv= —

j4xe5X dx = ﬂxesx 4 e dx = ﬁxesx - ie5X +C.
5 5 5

5
4x ef4>(
Letu=xanddv= (e”+e™)dx thendu =dxand v =
2x (e _4X x(e* —e ™ ax | a-4x
IZX(e4x+e_4X)dX:(———J. I dX‘ ( )_e +e i C
2 8
3x -3x
Letu=xand dv= (&> —e™)dx then du = dx and v = € *e
3x -3x 3x -3x
[8x(e” ) M__I (+e™)ax = BEHE) B oo i
Letu = e and dv = cosaxdx then du = 26%dx and v = S
/2 ml2 172 2% - 72 2% 72
_[ e” cos4x dx % _ = J’ e sin4xdx = e”” sin4x . € c§s4x B
0 0 0

/2
—I e”* cos4xdx .
4 0

/2 2% = 712 n .
4 1 1
Therefore, _fezx cos4x dx = g(e sin4x L& COS4X| J - _(e___j & _
0

4, 8 |, 5|8 8) 10 10
Let u = e* and dv = sin5xdx then du = 3e*dx and v = _C°555X
3 3x 3x -
J‘eax sin5x dx = _% + gj e cos5x dx = _€ C0S5X + 3e°”" sin5x B

25
9 3

—j e**sin5x dx.

25

3x 3X Al 3x
Therefore, je"’x sin5x dx = g(—e cgsSerBe 25|5n 5X]+C = 24 (-5cos5x+3sin5x)+C.
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Let u = In(4x) and dv = dx then du = dx and v =x.
X

jln(4x) dx = xIn(4x) — I dx =xIn(4x) —x + C.

Letu=xanddv= 2"dx thendu=dxandv= -2"In2.
In2 N 1

1
0 2 2

jx 277 dx = -2 In2-x‘z + .1[2‘Xln2 dx = -27% In2-x‘z -2
0 0

Letu = log, x and dv = dx then du = _dx and v = x.
xIn4

X X
log, x dx = xlog, x — dx = xlog,x - — +C
I 9 9s Jx n4 9s In 4

XZ

Let u = In(2x) and dv = xdx then du = ax andv = 5
X

e/2 2 e/2 2

el/2

2 el2 el2 2
len(Zx)dx:X—In(Zx) —Jidxzx—ln(ZX) X o 2 e e
! 2 1 2 2 1 T8 2 16 4 16
1
In2 1
- —— + =,
2 4

_ o _dx _x
Letu=1In(4x) and dv = x“dx thendu= — andv = 3
X

x3 NG X3 X3
x2In(4x) dx = =In(4x) — | = dx = =In(4x) - = +C.
Join(ax) 3 ") Js 3 ") =

Let u = sin™(2x) and dv = dx then du = 20¢_ andv=x.
1-4x°
i . 2xdx .
sin!(2x) dx = xsin™(2x) — dx = xsin™(2x) + V1-4x* +C.
Jein* (24 o) - | 2% (2 +
Letu= tan™(4y) and dv =dy then du = 1+4dy andv=y.

6y?

jtan’l(4y) dy = ytan™(4y) - jli)ll?;z dy = ytan™(4y) - %In(1+16y2) +C.

Let u= r? and dv = cosrdr then du = 2rdr and v = sinr.
/2 /2

/2
R nl/2 R . n/2 nl2
Irzcosr dr:rzsmr‘0 —ersmr dr:rzsmr‘0 +2rcosr|0 —2J'cosr dr =
0 0 0

nl/2

0 .

2 - n/2 /2 -
r-sin I"O + 2rcosr|0 —=Ssinr

Let u = secx and dv = sec® x dx then du = sin xsec? xdx and v = tan x.
J'sec:“ X dx =tan x sec X — Isinz xsec® x dx =tan X sec x — I(secg X —Sec X )dx =tan X sec X —

J'sec3 x dx + In|sec x + tan x| + C.
1 1
Therefore, Isecs X dx = 3 tan x sec x + > Injsec x + tan x| + C.

-2 2
sec? x X
Letu=secx and dv=xdxthendu= ——=—=dx andv = >

J1-x2
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2 2 -2 2 )
_ X _ X“sec™ x X _ 1 _ Sec ™ X
jxsec Yxdx = ?sec Ix — J— dx = ?sec Yx + EJ(\/l—xz sec X — de

2 1—X2 1_X2
2
= X?sec‘1 X — %sec1 X+EJ‘\/1— x%sec? xdx.
Letu=1-x*and dv= sec” X =~ " dx thendu=-2xandv= —sec*x.

V1-x?
1 \/_2 2 _ (1_X2) -1 =]
EI 1-x“sec™” xdx = — sec™ X — jxsec x dx + C.

2

2 1—x?
Therefore, j xsectx dX = ~—sectX — Esec’l X — usec‘l X +C.
4 4 4
. 10 2X X
Letu=sin™ x° and dv = xdx thendu = ——dx andv= —.
1-x* 2

] NG 1
xsint x? dx = —sm 1x? — = Xgintx? - —J1-x* +C.
I J NS 2
. Letu = x*+1 and dv = cosxdx then du = 2xdx and v = sinx.
I(x2+1)cosx dx = (x2 +1)sinx - ijsinx dx = (x2+1)sinx + 2XCOSX — chosx dx =
(x2 +1)sinx + 2XCOS X — 2sinx + C = (x2 —l)sinx + 2xcosx + C.
Letu= x*+x+2 and dv = e*dx then du = (2x+1)dx and v = e*.
(¢ +x+2)e" dx = (x +x+2)e" - [(2x+1)e" dx = (x*+x+2)e" — (2x+1)e* + 2[e" dx
= (x2+x+2)eX — (2x+1)e* + 2¢* +C = (xz—x+3)eX +C.
Let u = x* and dv = sinxdx then du = 3x*dx and v = —CoS X .
Ix35inx dx = —x®cosx + ijzcosx dx = —x*cosx + 3x*sinx — Gstinx dx = —x®cosx +

3x°sin X + 6XCOS X — 6_[cosx dx = —x3cosx + 3x®sinx + 6xcosx — 6sinx + C.

2

.Letu = tan™* x and dv = xdx then du = andv= 2.
1+x° 2
2 -1 2 -1 2 1
J'xtan‘lxdx:Xtan X xde:xtan X—lj(l— 12jdx:Xtan X X
2 2(1+x%) 2 2 1+x 2 2
-1
Llantx o
2
— dx X2
Let u = sin™(2x) and dv = xdx then du = andv=—
1—4x? 2
2 -1 2 2 1
x*sin™(2x) X _ Xx*sin™(2x) .\

Ixsin‘l(Zx) dx =

i X_
2 J1-4x? 2

Zsin”' (2
1J[\/1—4x2 —#]dx = w + Lh—ax +isin‘1(2x)—lsin‘1(2x)+c =
4 J1-4x2 2 8 16 8

2sin*(2
Xsin”(2x) ML= 4 Zsin? @0 +C.

2

. The volume of the solid is j sinx dx = cos x|g =1+1=2.
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/2 T
. . n/2 . T
. The volume of the solid is I cosx dx — I cosx dx = sinx|, —sin x|n/2 =1+0-0+1=
0 /2

2.

1
. The length of the curve is f(ZXZ) dx = 2x2‘2 =2.
0

.Letu=Inxthenx = ¢" and dx = e"du.
jsin(ln X) dx = jsinueu du and the integral can be evaluated using integration by parts.

Let w = e" and dv = sinudu then dw = e"du and v = —cosu..
jsinue” du = —e" cosu + _[ e’ cosu du = —e" cosu + e'sinu —.[ e'sinu du.

Therefore, je’*x sin5x dx = %(—e” cosu +e"sin u)+C.

.Letu= +/x thenx = u? and dx = 2udu.
jsin\/; dx = Zjusin u du and the integral can be evaluated using integration by parts.

Let w = u and dv = sinudu then dw = du and v = —cosu .
ZIusinu du = —2ucosu + chosu du = —2ucosu + 2sinu + C.

At first, let solve corresponding uniform the differential equation:
xy'+y=0,
dy_y

dx X
dy _ _dx
y X
C(x
y= 00

X

C (x)xz—C(x) and xC (x)xZ—C(x) + C(x) I
X X X
xe*—e*+C

Theny' =
Thus C(x) =xe*-e*+Candy =

cosax
P

a) Let u = sin""ax and dv = sinaxdx then du = a(n — 1)sin"*axcosax and v = —

sin" ™ ax cos ax
a

sin"™ ax cos ax _ _
=4 (n—1)jsm”‘2axcosax(l—sm2ax)dx
a

sin"™* ax cos ax i .
=+ (n—l)j(sm“’zax—sm”ax)dx.
a

jsin“ ax dx = — + (n—1)_|‘sin”’2axcos2 ax dx

sin"* axcos ax
an

Therefore, Isinn ax dx = — + n_1J‘sin”’2 ax dx .
n

sin® 3x cos 3x sin®3xcos3x 5 sin®3xcos3x .
3-6 18 6 3-4

53¢., _sin®3xcos3x  5sin®3xcos3x 5 ((1-cos6x _ sin®3xcos3x

E-stm 3xdx =-— - + — X =

18 72 8 2 18

b) [sin®3x dx = - + gjsin“sx dx = -
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2 12

_ 5sin®3xcos3x 251, cosbx) | ._ _sin®3xcos3x  5sin’ 3xcos3x . 5
72 8 18 72 16
5C0s6x

96

+C.

sin® 4x cos 4x sin®4xcos4x 6 sin®4xcos4x
4.7 28 7 45
sin®4xcos4x  6sin” 4xcos4x 24 sin® 4x.cos4x
28 - 140 35 4.3
_sin®4xcos4x  6sin‘4xcos4x  12sin® 4xcos4x , Acos4x
28 140 35 35

Isin74x dx = —

+§jsin54xdx = -
-

-fj‘sin34x dx
5

+C.

wlinn No

-ﬁ.[sin4x dx
35

a) Let u = (Inax)™ and dv = x" dx then du =

n+1
Therefore, | x"(l = (I m — — | x"(l B
erefore J'x (nax) dx = (In ax) 1 1 X" (Inax)

5 2 5 2 5 4
[x*(In3x)” dx = sy %jx“ inaxax = NS 3[" IngX—JX—dxj =

5

x*(In3x)"  2x°In3x  2x°

- 2 4
5 30 150

1 n+2)sinax tan ax
Letu= ———anddv = dx thendu = — a _3 andv = .
cos"“ ax cos” ax cos" ™ ax a
tanax Z)J sin’ ax g _ sin ax
acos™ cos" ax “acos™ ax

(-n+ 2)_|'sec”‘2 axdx + C.

Isec” ax dx = — + (—n+2)'[secn axadx —

Therefore, '[sec” ax dx = — Sin ax — 2_njsec”’zaxdx +C.

a(n—1)cos"* ax

sin 2x

~ 4cos’ 2x
sin 2x

" 6c0s® 2x

sin 2x
4.c0s? 2X
sin2x 1

+ g_[sec2 2xdx = —————— + Ztan2x +C.
3 6c0s° 2X

_[sec“‘ 2x dx + %_[sechdx = - + %In|se02x+tan 2x| + C.

_[sec“ 2x dx

—CO0S ax

2 .

n n-1.:
—X CO0Sax + nx" ~Sin ax
a a’

a) Letu = x"and dv = sinaxdx then du = nx"" and v =

-x"cosax N .4
_— +—Ix cosax dx =
a a

Ix"sin ax dx =

n(n—1)
a‘2

I Xx"?sinax dx.
sin ax
-~
x"sinax  nx"*cosax

Nona.s
——_[x“smax dx = + . -
a a a

b) Let u = x"and dv = cosaxdx then du = nx"" and v =

X" sin ax
a

_[x” cosax dx =

n(n-1)
a‘2

J' X" cosax dx .
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a(—n+2)cosax —cotax
¢) Letu= ———and dv= ——adxthendu= ( - nj andv = .
sin"* ax sin® ax sin" ™ ax a
—cot ax cos? ax CoS ax
jcsc”ax X = ———— + (—n+2)J ———OX = ———— + (—n+2)'fcsc”axdx -
asin™ ax sin” ax asin" ax

(-n+ Z)I csc"?axdx + C.

COS ax
a(n-1)sin"* ax
+ (-n+ Z)Isec“ axdx — (-n+ 2)_|.sec”‘2 axdx + C.

Therefore, J'csc“ ax dx = — + n_ij'csc"‘zaxdx +C.
n_

ax

d) Letu= x"and dv= b* dxthendu= nx"" andv =

alnb’
x"b® L
alnb alnb

e) Letu= (sz —a’ )n and dv = dx then du = nx(«/x2 -a’ )n 2 and v = Xx.

'[x”bax dx = jx"’lbax dx .

n-2
= X J(x —az)( x? —a? ) dx — nazj( X2 —a’ ) dx
n n n-2

= x( x*—a? | — nj( xz—az) dx — nazf( x?—a? dx

n n 2 n-2
Therefore, J( xz—az) dx = ix( x2—a2) _na ( xz—az) dx.

n+1 n+1
flletu= — T~ anddv=dxthendu= — % andv=x
X2 — g2 ¥ —a?

Therefore,J' dx — = X — + n ZJ' o — .
( xz—az) (1—na2)(\/m) 1-na ( x2—a2)
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4. Numerical Integration

a)a=0,b=2,h=05, x, =0, x, =05, x, =1, X, =15, x, =2.

~
~

[F () +2F(x) +2F () +2T (%) + f(x,)]

I4

N | o

= 0.25[1 + 2(0.87758) + 2(0.54030) + 2(0.07074) + (~0.41615)]

=0.89027.

2
b) I = jcosx dx = sin x|§ = sin2 = 0.90930.
0

c) f(x) = cos x, f'(x) =-sinx, f"(x) =—cosx. The maximum value M of |f"| on [0, 2] is 1.
_ 2

Usingn=4,h=05and E; < %(1)‘ =0.04167.

d) Using n = 4 the relative error is 0.90930-0.89027 _ 0.02093 which is less than E; =

0.90930
0.4167.

e) Using n = 4 the relative error is 0.02093 = 2.093%

1
F .

i- f(x) =

a)a=1,b=3,h=05, x, =1, x, =15, x, =2, X, =25, x, =3.

~
~

[F () +2F(x)+2F () +2T (%) + f(x,)]

I4

N | o

= 0.25[1 + 2(0.44444) + 2(0.25) + 2(0.16) + (0.11111)]

= 0.70450.
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3 3
b) 1 = fiz dx = 2 = ZL11=0.66667.
X X |y
1
- 1 ’ — -2 " — 6 H " .
) f(x) = =, f'(x) = —, f"(X) = — . The maximum value M of |f’| on [1, 3] is 6.
X X X

Usingn=4,h=05and E; <

w(ﬁ)‘ 025,
12

0.66667 —0.70450
0.66667

d) Using n = 4 the relative error is

‘ =0.05750 which is less than E; = 0.25.

e) Using n = 4 the relative error is 0.05750 = 5.750%
iii- f(x) = sin 2x.

3

a)a=0,b=nh= >
4

NGRS

'y % =0, x =

NG

—72. — —
X =T K= X =

=1, = 2[f(x0)+2f(x1)+2f(x2)+2f(x3)+ f(x,)]

— % [0 +2(1) + 2(0) + 2(-1) + 0]

—cos2x|” -1 1

b) = Isian dx =
0

c) f(x) = sin2x, f'(x) = 2cos2x, f"(x) = —4sin2x. The maximum value M of |f"| on [0, x]

is 4.

. (7=0)(,)
Usingn=4,h= — and E, <|—————(4)| = 0.64594.
4 12
d) The relative error is 0 which is less than E; =0.64594.

e) A percentage of the exact value is 0%.
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iv- f(x) = x* —2x%.

a)a=0,b=1,h=0.25, x, =0, x, =0.25, x, =0.5, x, =0.75, x, = 1.
121, = J0F0)+21 (4)+2F () +21 (1) + T ()]

= 0.125[0 + 2(-0.12109) + 2(-0.4375) + 2(~0.80859) + (~1)]

=-0.46680.

1

1 5 2 3
b) 1= [(x*~2x) dx = (%—?Xj = _0.46667.

0

0

c) f(x) = x* —2x*, f'(x) = 4x®—4x, f"(x) = 12x* —4. The maximum value M of |f”

on [0,
1] is 8.

Usingn=4,h=0.25and E; <

(1-0)025) (8)‘ =0.04167.
12

—~0.46667 — (—0.46680)|
—0.46667 |

d) Using n = 4 the relative error is

=0.00028 which is less than E;
0.04167.

e) Using n = 4 the relative error is 0.00028 = 0.028%

v- f(x) = 4x -3.

a)a=1,b=3,h=05, x, =1, x, =15, x, =2, X, =25, x, =3.
=1, = 2[f(x0)+2f(x1)+2f(x2)+2f(x3)+f(x4)]

= 0.25[1 + 2(3) + 2(5) + 2(7) + (9)]
= 10.

b) 1= i(4x—3) dx = (2x° - 3x))

1

3
1

=10.
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c) f(x) =4x-3, f'(x) =4, f"(x) =0. The maximum value M of |f”

on[1,3]isO.

Usingn=4,h=05and E; <

(B3-1)(0.5%) | _
T(O)‘ =0,

d) Using n = 4 the relative error is

0‘ =0 whichisequal to E; =0.

e) Using n = 4 the relative error is 0%.
vi- f(x) = x® —4x.

a)a=1,b=2,nh=025 x, =1, x, =125, x, =15, x, =1.75, x, = 2.
=1, = g[f(x0)+2f(x1)+2f(x2)+2f(x3)+f(x4)]

= 0.125[(=3) + 2(=3.04688) + 2(—2.625) + 2(~1.64063) + 0]

=-2.20313.

2

b) I = j(x3—4x) dx = [’%—2%} =-2.25.

1

1

c) f(x) = x* —4x, f'(x) = 3x* -4, f"(x) = 6x. The maximum value M of |f”"

on [1, 2] is 12.

_ 2
Usingn=4,h=0.25and E, < %

)(12)‘ = 0.0625.

—2.25—(-2.20313)|
—2.25 |

d) Using n = 4 the relative error is

=0.02083 which is less than E; =
0.0625.

e) Using n = 4 the relative error is 0.02083 = 2.083%

a)a=0,b=2,h=05, x, =0, x, =05, x, =1, x;, =15, x, =2.
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I~ | g[f(x)+4f(x1)+2f(x)+4f(X3)+f(X4)]

= 0.5/3[1 + 4(0.87758) + 2(0.54030) + 4(0.7074) + (-0.41615)]

=0.90962.

2
b) I = jcosx dx = sin x|§ = sin2 = 0.90930.
0

c) f(x) = cos x, f'(x) =-sinx, f"(x) =—cosx, f"(x) =sinx, ™ (x) = cosx. The maximum

value M of || on [0, 2] is 1.

Usingn=4,h=05and E; <

) (1)‘ 0.00069.

d) Using n = 4 the relative error is 0.90930-0.90962 _ 0.00035 which is less than E, =

0.90930

0.00069.
e) Using n = 4 the relative error is 0.00035 = 0.035%
ii-

a)a=1,b=3,h=05, x,=1, x, =15, x, =2, X, =25, x, =3.

~ —_
~ -_

[F(x)+4f(x)+2F(X,)+4F(x)+ F(x,)]

w| o>

= 0.5/3[1 + 4(0.44444) + 2(0.25) + 4(0.16) + (0.11111)]

=0.67148.
(1 1f 1
b) 1= f—z dx = —| = —+1 =0.66667
X XL 3
1
¢) f(x) = iz f'= _—2 f(x) = % f"(x) = -4 , T™(x) = % . The maximum value M
X X X° x°
of | £ ™| on [1, 3] is 120.
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_ 4
Usingn=4,h=0.5and E; < %

)(120)‘ = 0.08333.

0.66667—0.67148|

d) Using n = 4 the relative error is =0.00721 which is less than E; =
0.66667 |

0.08333.
e) Using n = 4 the relative error is 0.00721 = 0.721%
iii-

3

a)a=0,b=n,h=—, x, =0, xlz% xZ:%, stj’ X, = .

z
4
=1, = g[f(x0)+4f(x1)+2f(xz)+4f(x3)+ f(x,)]

- % [0+ 4(1) + 2(0) + 4(-1) + 0]

Va

—C0S 2X

b) I = jsian dx =
0

c) f(x) = sin2x, f'(x) = 2cos2x, f"(x) = —4sin2x, f"(x) = —8cos2x, f™(x) = 16sin2x.

The maximum value M of ‘f“v)

on [0, m] is 16.

. (7=0)(,)’
Usingn=4,h= — and E, <|—————(16)| = 0.10625.
4 180
d) The relative error is 0 which is less than E; = 0.10625.
e) A percentage of the exact value is 0%.
Iv-
a)a=0,b=1,h=0.25, x, =0, x, =0.25, x, =0.5, x, =0.75, x, = 1.
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=1, = 2[f(x0)+4f(X1)+2f(x2)+4f(x3)+ f(x,)]

= 0.25/3[0 + 4(-0.121009) + 2(-0.4375) + 4(-0.80859) + (~1)]

=-0.46614.

1

=-0.46667.

1 , , _ 5 oy3
b)I:I(x —2X )dx —[Xg—%j

0 0

o) f(x) = x* —2x%, f'(x) = 4x*—4x, f"(x) =12x* -4, £"(x) = 24x, f™(x) =24. The

maximum value M of ‘f“v) on [0, 1] is 24.

(1-0)(0.25*

Usingn=4,h=0.25and E, < 180 ) (24)‘ =5.20833.

—0.46667 — (—0.46614)|
—0.46667 |

d) Using n = 4 the relative error is

=0.00114 which is less than E; =
5.20833.

e) Using n = 4 the relative error is 0.00114 = 0.114%

V-

a)a=1,b=3,h=05, x, =1, x, =15, x, =2, X, =25, x, =3.

=1,

[FO6)+4100) +2F (%) +41 (%) + F(x,)]

1
w|=>

=0.16667[1 + 4(3) + 2(5) + 4(7) + (9)]

=10.0002.

b) 1= i(4x—3) dx = (2x° - 3x))

1

=10.

3
1

c) f(x) =4x -3, f'(x) =4, f"(x) = "(x) = f™(x) = 0. The maximum value M of ‘f(”)

on

[1, 3] is O.
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Usingn=4,h=0.5and E; <

B-D05) <0>‘

d) Using n = 4 the relative error is =0.00002 which is more than E; = 0.

10—10.0002‘

e) Using n = 4 the relative error is 0.00002 = 0.002%.
Vi-

a)a=1,b=2,nh=025 x, =1, x, =125, x, =15, X, =1.75, x, = 2.
h
= | :E[f(x)+4f(x1)+2f(x)+4f(x3)+f(x4)]

= 0.25/3[(3) + 4(~3.04688) + 2(~2.625) + 4(~1.64063) + 0]

=—2.25000.

2

b) I = i(x3—4x) dx = [’%—2%} =-2.25.

1

1

o) f(x) = x*—4x, f'(x) =3x* -4, f"(x) = 6x, f"(x) =6, f™(x) =0. The maximum value

M of \f“V)

on[1, 2] isO.

Usingn=4,h=0.25and E; <

)
1—‘0)‘

—2.25— (- 2.25000)|

d) Using n = 4 the relative error is 575 | =0 which is equal to E, .

e) Using n = 4 the relative error is 0%.

a)

i- f(x) = cos x, f'(x) =-sinx, f"(x) =-cosx, f"(x) =sinx.

The roots of f"(x) on [0, ] are 0 and .
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f7(0) =—1land f"(z) =1

The maximum value M of | f"(x)| on [0, x] is 1.

(b-ap®

The error bound is required to be less than 10™°. That is,

(z -0 |

5 < 10" which is equivalent to h < 0.00618.

Solving for nin 70 h <0.00618 yields n > 508.3333.

n
Therefore one must use 509 subintervals to obtain an answer to within 10> from the exact
answer.

1 ' —2 " 6 " —24
—, X)) =—, f'"(x) = —, 1"(x) = —.
X X X X

There is no any root of f"(x) on[1, 3].
f"() =6and f"(3) =0.07407

The maximum value M of | f"(x)| on [1, 3] is 6.

_ 2
The error bound % M| is required to be less than 10™°. That is,
_ 2
‘(3 1;)h 6| < 10~ which is equivalent to h < 0.00316.

Solving for n in 3-1 = h <0.00316 yields n > 632.511.
n
Therefore one must use 633 subintervals to obtain an answer to within 10> from the exact
answer.
iii-

f(x) = sin2x, f'(x) = 2cos2x, f"(x) = —4sin2x, f"(x) = —8cos2x.
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The only root of f"(x) on [0, «t] is /4.
f"(0) =0, f”(%) = _4and f"(z) =0.

The maximum value M of | f"(x)| on [0, x] is 4.

_ 2

The error bound % M| is required to be less than 10™°. That is,
_ 2

%4 < 10°° which is equivalent to h < 0.00309.

Solving for nin Z=C = h < 0.00309 yields n > 1016.69.
n

Therefore one must use 1017 subintervals to obtain an answer to within 10™° from the exact

answer.

b)

i- f(x) = cos x, f'(x) =-sinx, f"(x) =—cosx, f"(x) =sinx, f™(x) =cosx, f(x) =-sinx
The roots of f“(x) on [0, ] are 0 and 7.

f® Q) =1and f™(z) =1

The maximum value M of ‘f“v)(x)‘ on [0, ] is 1.

(b—a)h* M

The error bound is required to be less than 10™°. That is,

(z=O)h* |

180 < 10~ which is equivalent to h < 0.15471.

Solving for n'in 70 _ h < 0.15471 yields n > 20.3063.
n
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Therefore one must use 21 subintervals to obtain an answer to within 10~° from the exact

answer.

6 24

-6 = =5, £/00 = 2, 100 = 1, 1700 = 5, £ = 2, 190 =~

There is no any root of f“(x) on[1, 3].
f™ (1) =120and f™(3) = 0.164609.

The maximum value M of | (x)| on [1, 3] is 120.

(b-ah*

The error bound is required to be less than 10™°. That is,

120

_ 4
‘& < 10~ which is equivalent to h < 0.05233.

Solving for nin -1, h <0.05233 yields n > 38.21899.
n

Therefore one must use 39 subintervals to obtain an answer to within 10~ from the exact

answer.
iii-

f(x) = sin2x, f'(x) = 2cos2x, f"(x) = —4sin2x, f"(x) = —8cos2x, f™(x) = 16sin2x,

f(x) = 32cos2x.

The only root of f“(x) on [0, n] is 7/4.
f¥(0) =0, £(}) =16and £ (z) =0,
The maximum value M of ‘f(‘v’(x)‘ on [0, m] is 16.

_ 4
The error bound % M| is required to be less than 10™°. That is,
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(7 —0)h*

16| < 10~ which is equivalent to h < 0.07736.

Solving for nin Z=9 = h < 0.07736 yields n > 40.61000.
n

Therefore one must use 41 subintervals to obtain an answer to within 10~° from the exact

answer.

a)y=In(1+cosx), y' =

The only root of y"” on [0, 1] is 0.

-1
1+cosl

=-0.64922.

14 l 14
y"(0) = -5 and y"(1) =

The maximum value M of |y”| on [0, 1] is 0.64922.
Since —cosx—sin®x—1=0 < cosx=1.
The only root of y on [0, 1] is 0.

: 1 : —cosl-sin®1-1
(iv) 0) = -= and (iv) 1) = = -1.45969.
y™(0) 4 yr @ 1+cosl

The maximum value M of |y®™| on [0, 1] is 1.45969.

_ 2
b) The error bound % M

0.64922

_ 2
‘(_1 Oh < 10°° which is equivalent to h < 0.004299.

Solving for n in 10 =h <0.004299 yields n > 232.612235.
n
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Therefore one must use 233 subintervals to obtain an answer to within 10°° from the exact

answer.

_ 4
The error bound % M| is required to be less than 10°. That is,

(L-0)h*

1.45969| < 10~° which is equivalent to h < 0.105379.

Solving for nin 1-0 _ h < 0.105379 yields n > 9.489557.
n

Therefore one must use 10 intervals to obtain an answer to within 10™° from the exact answer.
c)a=0,b=1,h=0.25 x, =0, x, =0.25, x, =0.5, X, =0.75, x, = 1.
=1, = g[y(X ) +4y (%) +2y(%,) +4y (%) + y(X,)]

= 0.0833333[0.693147 + 4(0.677480) + 2(0.629985) + 4(0.549097) + (0.431979)]

=0.607617

120
x°

ii-f) = =, £'0) ==, ') = =, £"(x) = ;—4 F™(x) = X5 ) =

There is no any root of f“(x) on[1, 2].
f™(1) =24and f™(2) =0.75.

The maximum value M of | (x)| on [1, 2] is 24,

_ 4
The error bound % M| is required to be less than 10~ That is,

24| < 107" which is equivalent to h < 0.1655.

‘(2—1)h4
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Solving for nin 21 h < 0.1655 yields n > 6.0423.
n

Therefore one must use 7 subintervals to obtain an answer to within 10 from the exact answer.

2

fl dx = Inx| =In2.
X

1

On the other hand fora=1,b=2,h=

~N -
~ | o
=<
Il
~N|©
<
N
1

» Xg =

13 1
— we have:
X

- Xs =2 and f(x) =

=1, = g[f(x0)+4f(x1)+2f(x2)+4f(x3)+ f(x,)]

= 0.0476[(0.875) + 4(0.7778) + 2(0.7) + 4(0.6364) + 2(0.5833) + 4(0.5385) + 0.5]

=0.5594.
Therefore, In2 = 0.5594 to for decimal places.

6.f(x)= e, f/(x) =—2xe™*, f"(x) = 4x% X -2 .

As |f"(X)| <2 on [0, 1], the maximum value M of |f"(X)| on [0, 1] is 2.

_ 2
The error bound % M| is required to be less than 107. That is,

_ 2
‘%2 < 107 which is equivalent to h < 0.24.

Solving for nin 10 _ h <0.24 yields n > 4.
n

Therefore one must use 5 subintervals to obtain an answer to within 107 from the exact answer.

fx)= e, f'(x) ==2xe™X, f"(x) = 4x%e™* =26, £"(x) = 12xe* —8x%¢ ¥, fM(x) =

12e™ —48x% ™ +16x%e ™~ .
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As ‘f(iv)(x)‘ <12 on [0, 1], the maximum value M of ‘f(iv)(X)‘ on [0, 1] is 12.

(b-ah*

The error bound is required to be less than 107, That is,

_ 4
‘%12 < 107 which is equivalent to h < 0.62.

Solving for nin -0 h < 0.62 yields n > 1.60.
n

Therefore one must use 2 subintervals to obtain an answer to within 10 from the exact answer.

Using the trapezoidal method, we have
a=0,b=1,h=02 x,=0, x, =0.2, x, =04, X, =0.6, x, =0.8, x, = 1.

1= I, =

[F (%) +2F0)+2F(x)+2(x)+2f(x,)+ ()]

N | o

= 0.1[1 + 2(0.96) + 2(0.85) + 2(0.70) + 2(0.53) + 0.37]

=0.75.

Using the trapezoidal method, we have
a=0,b=1,h=05 x,=0, x, =0.5, x, = 1.

1= 1, =

w| =

[F06)+410x)+ T ()]

= 0.17[1 + 4(0.78) + 0.37]

=0.76.
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Practice Questions

1. Trigonometric Expressions

T

Isin24x dx = jﬂ dx = E(X—SmSXJ =T
) 2 2 8 ), 2

jsin3 20c0s”>260 do = jsin2 20.cos® 20 sin20d6 = I(l—cosz 20)cos” 20 sin20d6 =

1(cos®20 cos®26 _c0s’20 cos®26
—= - +C= - +C
2 3 5 10 6
sec’ (Inx) dx
J—( ) (u=Inx)
X

= Jsec2 udu = tanu + C =tan(Inx) + C.

nl2 n/2 /2 nl2
jsin“xcos“x dx = jsin“xcos“x dx = L j (2cos xsinx)* dx = L j sin® 2x dx =
5 5 16 § 16 §

/2 2 2 .
iJ‘ (ﬂj dx = ij’ (1-2cos4x+cos’ 4x) dx = i.[ (1_20054x+Mj dx
16 64 4 [ :

5 64
—iT 3 s osay s SOS8X dx—i(§ _25in4x+sin8xjn/2 _ 3n
o1 (2 2 64\2° 4 16 ), 256
C ain2
Itan2 pdp = szp dp
J cos® p
= Pmd
J cos’p
.
= ( 12 —1jdp
)\ cos® p
= (tanp-p) +C.

nl2

/2 =3
I tan®2x dx = j5|n32X dx
5 cos” 2X

0

/2 _ .

(" sin‘ 2xsin 2x

= | g,y X
) Cos° 2X

0

/2

_ (@—cos® 2x)sin 2x dx
J cos® 2x

0
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nl/2

= —1( #—In|c052x|)

 2c0s? 2

= —1(—1—In1+l+ln1j
2 2

0

T

=0.
2

0

Iexsec2 (ex) dx = jsec2 u du (u=¢e
=tanu+C=tane*+C

Let x = 2sint, then dx = 2costdt.

/_2 /_ =12
J 4-Xx dx Jw 2costdt

3x 6 sint

2 r

= — &St costdt
3.) sint

" cos’t

J sint

dt

|
wIN

(1—sin?t
J sint

dt

|
w|nN

X _sintydt
sint

winN

%

r~

1 dt—zjsintdt
3

Wl

J sin—cos—
2 2

1

Wik

e dt—g.[sintdt
J tan—=cos® — 3
2 2

tan
2

2
—In
3

—gcost +C
3

tan isin‘15 —gcos sintX ] +¢
2 2 3 2

dt.

In

w|nN

Letx = Z tant, then dx = 5
3 3cos‘t

.
—dt
J dx _ 3cos’t

2x/49 + 9x? 2-;tant 49 +49tan’t
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.
%dt

_ cos’t

4smt 1

J cost cost

" dt
J 14sint

= i J. csctdt
14

—iln|csct+cott| +C
14

csc(tanl 3 xj + cot(tanl 3 xj
7 7

dt.

= —iln +C.
14

Let x = tant, then dx =

cos’t

J dx ( dt
(1+ X )1/2 ) coszt(lthanzt)ll2

dt

1/2
cos’t 12
cos’t

.[ sectdt = In|sect + tant]+ C = In|sec(tan1x) + tan(tan x)|+ C
= In|V1+x* + x|+ C.

Let 6= sec™*|5x| then |x| = %sec@ and dx = %secetan 0do if x> % and dx =

(.

—lsecetan 0do ify < —E.
5 5

1secé’tané?dé? 1
15 X > —
ZsecO+/sec’ 9 -1 25

j & )5

2

X\/ﬁ—1 —ésec@tan@d@ 1
X< ——
—ésec@m 2

= Jtan@d@ = 0+C =sec™ [5x/+C.
tan @
Let 0= sec™ %‘ then |w| = 5secéd and dw = 5secfdtan&dg if w > 5.
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J dw =J 5.sec@tan 0d o _ 1 ( tanedd _ 1 c0s6d6 = L sing + C
w2\ w2 — 25 25

25.50c2 9/25sec2 925  25.) secHtand 25

2
_ VX -25 +C
25x

2. Partial Fractions

B _ Ax— A+ Bx _ (A+B)x—A
x—1 x(x—1) x(x-1)

+

1 _A
x(x-1)  x

This implies that 1 = (A + B)x — A.
A+B=0 A=-1
= :
-A=1 B=1

Therefore, ! = -
x(x-1)  x-1 x

J ox = j(i—ljdx =Inx-1-Inx]+C=In
x(x-1) x-1 X

8 8 A B C D _
(¢-x) K(x-1)" x K x=1 (x-1)

x-1

+ C.

AX(x—1)% + B(x—=1)* + Cx*(x—1) + Dx?
X2 (x—l)2 '

This implies that 8 = Ax(x—1)* + B(x—1)* + Cx*(x—1) + Dx*.

The last equation is true for all xeR, even forx =0 or x = 1.

Substitution x =0 in 8 = Ax(x—1)* + B(x—1)* +Cx*(x—1) + Dx’ yields B = 8.
Substitution x =1 in 8 = Ax(x—1)* + B(x—1)* +Cx*(x—1) + Dx* yields D = 8.

Then 8 = Ax(x—1)* +8(x—1)* + Cx*(x—1) +8x>.

Substitution x =2 in 8 = Ax(x—1)> +8(x —1)* + Cx*(x—1) +8x? yields A + 2C = —16.
Substitution x =1 in 8 = Ax(x—1)* +8(x—1)* + Cx*(x—1) +8x’ yields 2A + C = 16.
The solution of two equations in Aand C is A= 16 and C = -16.

8 16 8 -16 8

Therefore, ——— = — + — + +

(xz—x) X X x—1 (X_l)z'

Bk (10,8 10, 8 iy —16inx- S —16inx—1/- —— +C=
(xz—x) x x° x=1 (x-1) X x—1

X
x-1

8 8 ¢

X x-1

161In
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4

_A, B _Cx+D _ A(X—1)(X* +1) + BX(X* +1) + (Cx + D)(x=1)x _
X

x(x—l)(x2+1) x—1  x*+1 X(x-1)(x* +1)

(A+B+C)x*+(-A+D-C)x*+(A+B-D)x- A
x(x—l)(x2+1)

This implies that 4 = (A+B+C)x* +(-A+D-C)x* + (A+ B-D)x—A.

A+B+C=0 A=-4
-A+D-C=0 > <B=2.
A+B-D=0 C=2
-A=4 D=0
Therefore, 4 = +i+ 2X

x(x—l)(x2+1) X x-1 x+1

4 ox =J(?ﬂ+—3—+{§—}x=_mmn+2mu_n+nw%+n-+c=
X(x-1)(x* +1) x  x-1 x*+1

2 2
ICEECE N
X

1 1 A B Cx+D _ Ax(X*+1)+B(x*+1)+(Cx+D)x’
= =— + — + = =
x* + X2 xz(x2+1) x XX x*+1 xz(x2+1)
(A+C)x’+(B+D)x*+Ax+B

xz(x2 +1)

This implies that 5= (A+C)x*+(B+D)x*+ Ax+B.

A+C=0 A=0
B+D=0 B=1
A=0 C=0"
B=1 D=-1
Therefore, 41 > = iz st

4dx > = J(%Jr;—ljdx - @anix+c
X'+ X X° X +1 X

8x+9 A B C D
= + + +

1 (x+2) x4l (xe1f  (x+1)  x+2

A(x+1f(x+2)+B(x+n(x+2)+c(x+2)+D(x+1f_
(x+1)’(x+2)

This implies that 8x + 9 = A(x+1)2 (x+2)+B(x+1)(x+2)+C(x+2)+ D(x+1)3.
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The last equation is true for all xeR, even for x =-2 or x = —1.

Substitution x =-2in 8x + 9 = A(x+1)2(x+2)+ B(x+1)(x+2)+C(x+2)+ D(x+1)3 yields D
=17.

Substitution x=-1in8x + 9 = A(x+l)2(x+2)+ B(x+1)(x+2)+C(x+2)+ D(x+1)3 yields C
=1

Then 8x + 9 = A(x+1)" (x+2)+B(x+1)(x+2)+(x+2)+7(x+1)’.

Substitution x=0in8x + 9 = A(x+1)2(x+2)+ B(x+1)(x+2)+(x+2)+7(x+1)3 yields A + B
=0.

Substitution x=1in8x + 9 = A(x+1)2(x+2)+ B(x+1)(x+2)+(x+2)+7(x+1)3 yields 2A +
B=_7.

The solution of two equationsin Aand BisA=-7and B =7.

Therefore, 8X3+9 S S

(x+1)"(x+2) x+1 (x+1):Z (x+1)3 X+2

J(8x+9)dx :J'(—7+ (AN SR A0 PV VTR S S
(x+1)* (x+2) x+1 (x+1)" (x+1)° x+2 x+1 2(x+1)’
A
x+1 2(x+1)’

20x+2 __A N B N cC _
(x-2)(x+1)(x+5) x-2 x+1 x+5

X+2
X+1

7Inx +2|+C=7In

A(x+1)(x+5)+B(x—2)(x+5)+C(x—-2)(x+1) _
(x—2)(x+1)(x+5)

A+B+C)x“+(6A+3B-C)x+5A-10B-2C
2
(x—2)(x+1)(x+5)

This implies that 20x + 2 = (A+B+C)x* +(6A+3B—C)x+5A-10B-2C.

A+B+C=0 A=2
6A+3B-C=20 = B:g.
5A-10B-2C =2

7
C=—
2

3 7

Therefore, 20x+2 = 2 + 2 42

(x=2)(x+1)(x+5) x-2 x+1 x+5



3 7

(20x+2)dx _ 2 L2 2 dx:2|n|x—2|+§|n|X+1|—Z|n|X+5|+C
(x=2)(x+1)(x+5) Xx—2 Xx+1 x+5 2 2

(x~2)* (Vx+1)
(vss)

=1In +C

3. Integration by Parts
sin 3x

Let u = x and dv = cos3xdx then du =dx and v =

j4xcos3x dx = ﬂxsin3x - ﬂ_|.sin3xdx = ixsin3x + icosBx + C.
3 3 3 9

2

Letu:Inxanddv:xdxthendu:d—xandv:X?.

X

5 2 e e 2 21 2 2 2
lenxdxzx—lnx— Xax =Xy - X L R
1 2 1 2 1 1 2 4 4 4 4

1

Letu=t?*anddv=e™" dt thendu=2tdtandv=—e™ .

1 1
et dt = —te|; + 2fte dt = —te|; — 2te”|} + 2[et dt = %[ - 2te”|§ - 2¢”
0 0

1 O ey

—et 2t - 2et+2=-Bel+2,

Let u = e®* and dv = sin2xdx then du = 2e*dx andv = — c0522x .
(P e cos2x|” %, e2X0032x|ﬂ e**sin 2x|ﬂ
Iexsm2xdx:—— +jeX(:052xdx:— + -
0 2 0 0 2 ‘o 2 ‘o
jezx sin2x dx.
0
n 2X 7 2X Az 7 2
Therefore, Iezx sin2x dx = _E C032X| 4 & S'n2X| = —e—+l.
) \0 4 \0 4 4
— dx
Letu = sin™ x and dv = dx then du = and v =x.
1—x?
Isin’lx dx = xsin'x — \/xd_xz dx = xsin?x + +/1-x*> +C.
1-x

Letu=Inxthenx = ¢e" and dx = e"du.
J'cos(ln X) dx = I cosue" du and the integral can be evaluated using integration by parts.

Let w = e" and dv = cosudu then dw = e“du and v = sinu.
jcosueu du = e"sinu —j e'sinu du = e"sinu + e" cosu —j e cosu du.

Therefore, Icos(ln X) dx = %(xsin(ln X)+xcos(Inx))+C.

. Let u =Inx and dv = dx then du = d_x and v =x.
X
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e e
Ilnx dx = xInx|: —I dx = xlnx|: - x|: —e—e+1=1

1 1
2

Let u= tan* x and dv = xdx then du = dX2 andv = X?

1+X
2 -1 2 2 -1 2 -1
Ixtan’lxdxz)(tan X X 2dX:xtan x_l 1- 12 dX:xtan X X
2 2(1+x%) 2 2 1+Xx 2 2
-1
+tan X+C.
2

-2
Let u = sec™ x and dv = xdx then du = Secﬁ:{dx andv = X?
1-x

2 2 -2 2 )
_ X _ X°sec™ x X _ 1 _ Sec ™ X
jxsec Yxdx = ?sec Ix — J— dx = ?sec Yx + EJ(\/l—xz sec? X — de

2 1—X2 1_X2

2
= X?sec‘1 X — %sec1 x+%J\/1— x%sec? xdx.

sec™ X

J1-x?

_ 2
%lel— x® sec? xdx = —(1—2)()sec‘1 X — jxsec’l x dx + C.

Letu=1-x*and dv = dx then du=-2xandv= —secx .

2 1-x°
Therefore, j xsectx dx = Ssectx — Esec’l X — usec‘l x +C.
4 4 4
n-1 N2 oo sinax
. Letu = cos" " ax and dv = cosaxdx then du = —a(n — 1) cos" “axsinax and v = .
a
sinaxcos" ™ ax :
J'cos” ax dx = % + (n—l)_[smzaxcos”‘zaxdx
H n-1
= SNaxcos ax., (n—1)jcos”’2 ax(1—cos’ ax) dx
a
sinaxcos" " a
= % + (n—l)_[(cos“‘zax—cosn ax) dx .
H n-1
Therefore, Icos"ax dx = JNAXCos ax, 1jcos”’2 ax dx .
an n
. At first, let solve corresponding uniform the differential equation:
V+3y=Q
X
dy _ 2y
dx X
dy _ _ox
2y X
C(x
= S0
X
’ 2 ’ 2
Theny = C'(x)x 42xC(x) and C'(x)x 42xC(X) + E‘C(zX) — cosx.
X X X X
2 - _ -
Thus C(X) = x*sinx+2xcosx—2sinx + Candy = X sin X+2XC02X 2sinx+C .
X
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Let u= cos™"ax and dv = cosaxsin" ax dx then du = —a(m — 1) cos™* axsinax and v =

n+l

sin™ ax
a(n+1)

H B

sin™™ ax
a(n+1)

sin™™ ax L (m-1)

a(n+1l) (n+1)
_ TN+

+ Mj'cosm‘2 axsin" ax(1—cos? ax)dx = cos™* ax. &

(n+1) a(n+1)

(m-1)

(n+1)

n+2

axdx = cos™* ax-

Isinn axcos™ ax dx = cos™*ax- '[cosm’2 axsin

+

(m-1

jcosm’2 axsin™ axdx — ( 1)) _[cos'" axsin™ axdx .
n+

n+1

sin™™ ax N (m-1)
a(n+m) (n+m)

Therefore, Isin" axcos™ax dx = cos™ ™ ax- jcos”‘*2 axsin" axdx .

4. Numerical Integration

1.
a) f(x) = 5x* —3x°.

1 1 2 4 5
a:O,b:Z,hzg, X, =0, xlzé, xzzg, X; =1, x4:§, x5:§, Xs = 2.

I 2[f(x0)+2f(x1)+2f(x2)+2f(x3)+2f(x4)+2f(x5)+ f(x5)]

= 0.16667[0 + 2(~0.27160) + 2(-0.34568) + 2(2) + 2(10.46914) + 2(30.24692) + 68]
= 25.36677.
2 2

- 4 2 - 5 3 -
b)I= !(5x ~3x?) dx = (x* - x )\o =24,
c) f(x) = 5x* —3x*, f'(x) = 20x°—6x, f"(x) = 60x*—6. The maximum value M of | f’| on [0,
2] is 234.

Usingn:5,h:%and E, <

%(234)‘ = 4.33333.

d) Using n = 5 the relative error is =0.05695 which is less than E; =4.33333.

24— 25.36676‘

e) Using n =5 the relative error is 0.05695 = 5.695%
2.
a) f(x) =

a=1,b=2h=0.25 x, =1, x =125, x, =15, x, =175, x, = 2.

> |~

=1, = 2[f(x0)+4f(x1)+2f(xz)+4f(x3)+ f(x,)]

= 0.125[1 + 4(0.8) + 2(0.66667) + 4(0.57142) + 0.50000]
= 1.03988.

2
b) I = fl dx = Inx =In2=0.69315.
X
1

c) f(x) = 1 f'(x) = —iz, f"(x) = % The maximum value M of |f” on[1,2]is 2.

X' X
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Usingn=4,h=0.25and Eg < = 0.000009.

180

d) Using n = 4 the relative error is 0.69315-1.03988] =0.50022 which is more than Eg =

0.69315 |
0.00009.
e) Using n = 5 the relative error is 0.50022 = 50.022%
3.

1 X 1 . X

a) f(x) = cos— f'(x ——sm— f(x ——cos—, f"(x) = —sin—.
) f(x) = '(x) = (x) = 1652 (x) 2N

The roots of f"(x) on [0, ] are 0 and .

f"(0) =—land f"(z) = %

The maximum value M of | f"(x)| on [0, x] is 1.

is required to be less than 10™°. That is,

2
The error bound % M

_ 2
%1 < 10~ which is equivalent to h < 0.06180.

Solving for nin 7=0._ h <0.06180 yields n > 50.83333.
n

Therefore one must use 51 subintervals to obtain an answer to within 10™° from the exact

answer.

X 1. X 1
b) f(x) = cos=, f'(x) = —=sin=, f"(x = _Zcos>, f(x —sm CF ™ (x
) f(x) 2 (x) 25 (x) 657 (x) = ) (x) =

icos fO(x) = _ L ginX
256 4’ 1024 4

The roots of f“(x) on [0, ] are 0 and =.

J2
f™M0O) =1and f™(z) = ———
©) = () = 2048

The maximum value M of ‘f“v)(x)‘ on [0, ] is 1.
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(b—a)h* M

The error bound is required to be less than 10™°. That is,

(r=0)h*,

T80 < 10°° which is equivalent to h < 0.15471.

Solving for n in 720 _h<o1s5471 yields n > 20.3057.
n

Therefore one must use 21 subintervals to obtain an answer to within 10~ from the exact

answer.
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Test

Part 1. Circle the correct answer.

1. [cos®x sinx dv = 4. [sec(2x )dx =

a) ,%6053,( sinx +C

b) —%cos3 x +C

2

c) flsin x +C
2

d) %sin2 x +C

. fcos3x sinx dx =

a) J(u4—u2)du (4 = c0s X)
b) I(u4—u2)du (1= sin x)
) _[(1;2 —u4)du (4 = cos x)
d) I(uz—u4)du (= sin x)

o .1 X
3. The substitution & = sin 13 transforms

3
J a dx to:
Vo—x2

a) —f27cosa &do
b) [27sin’ @ d@
¢) [9cos’ 0do

d) [9sin’ 0 do

86

1

a) 5]n|sccx +tanx |+C
1

b) Eln|sec2x +tan2x [+C
[

c) Etan (2x)+C

d) %se&:2 (2x)+C

5. fx3.f32'1r dx =
a) %(4x3 +6x 24 6x +3)e2x +C
b) ():3—3x2 +6x —6)ezx +C
) é(-ﬁlx} —6x 2+ 6x —3)3“ +C

d) l(4x3 —6x%—6x +3)e2-‘ +C
8

6. If 6x —1 = 4 + B then

NG

a)4d=5and B=—4

bydA=5and B=6
c)A=-5and B=-6

dy4d=-5and B=4



(x+1)° _

x(x2+l)

a)£+ 21 b) i+ 22
X x“4+1 X x“+1
1 2x +1 I 2x +1
©) —+— ) —-=
X x +1 X x°+1
(x +1)°

| m———dx =

x(xz-o-])

a) In|x |+2tan 'x +C

b) ln|x|+1n(x2+1)+tan_]x+C

c) Injx |—lr1(;c2 +l)—tan71x +C

d) 2In|x [+tan ' x +C

NS
J (x+l)2 "

x(x?+1
(x*+1)
1

a) £+lln3—ln2
12 2

b) ~+1In3
12
n

c) —+—In3+In2

&) Filins
6 2
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10.

2
J 4-x% dx =
0

a) 0.5n
b)n
¢)2n
d)4n

11. The error bound for the approximation of

12.

2

Jx _1 dx using the trapezoidal rule with
x +

0
1 = 10 subdivisions is:

a) 0.2667
b) 0.02667
¢) 0.002667

d) 0.002667

The error bound for the approximation of
2

—1 . . .
Jx dx using Simpson’s rule with n =
x +1

0

10 subdivisions is:
a) 0.000085

b) 0.0085

c) 0.00085

d) 0.085



Part I1. Show your work.

1.

7.

8.

9.

4
3
. Evaluate J’i
0

n/4
Evaluate J cos® x sin®x dx
0

25-x72

. Use trigonometric substitution to derive the rule [ zdx 5= ltan_] Lic
Jx"+a a a
-1 . . .
. Expand o w6 using partial fractions.
x(x —4)(x +1)
o )
. Evaluate 4t+—§r4 dx .
x? (x + 4)
3 —
. Evaluate dr 84 dx
X (x 24 4)
Find the area of the region bounded by the curve y = In(2x) and the x-axis fromx=1tox = 2.

Find the volume of the solid obtained by revolving, about the y-axis, the region bounded by the curve
¥ = In(2x) and the x-axis fromx =1 tox = 2.

Find the volume of the solid obtained by revolving, about the x-axis, the region bounded by the curve
v = In(2x) and the x-axis fromx = 1 to x = 2.

2
10. Consider the integral 7 = [In(2x) dx .

1
a) Find an approximation to / using the trapezoidal rule with » = 4 subdivision.
b) Find a bound on the error in the estimate obtained in a).
¢) Find an approximation to / using Simpson’s rule with » = 4 subdivision.
d) Find a bound on the error in the estimate obtained in c).

e) Find the exact value of / and the exact errors in the estimates in a) and ¢). Compare the exact errors
with the bounds obtained in b) and d)
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