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1.  Trigonometric Expressions  

1.1.  The integral of sin m  x  cosn x 

 

1. sin 2x dx  = 
cos 2

2

x
−  + C. 

2.

/ 2

0

1
cos

2
y dy







 = 

/ 2

0

2sin
2

y


 = 2(sin
4


 – sin0) = 2(

2

2
 – 0) = 2 . 

3. ( )2 2cosz ze e dz  = 
1

cos
2

u du   (u = e2z) 

= 
1

sin
2

u  + C = 2z1
sin e

2
 + C. 

4. 

2

2

/ 4

/36

cos x
dx

x









 = 

/ 2

/ 6

2 cosu du





   (u = x ) 

= 
/ 2

/ 6
2sinu




 = 2(sin

2


 – sin

6


) = 2(1 – 

1

2
) = 1. 

5. 
( )sin ln w

dw
w





 = sin u du   (u = lnw) 

= –cosu + C = –cos(lnw) + C. 

6. ( )2cos 1t t dt+  = 
1

cos
2

u du   (u = t2 + 1) 

= 
1

sin
2

u  + C = 21
sin( 1)

2
t +  + C. 

7. 

/ 2

5

0

sin cosx x dx



  = 

0

5

1

u du−   (u = cosx) 

= 

1
6

0
6

u
  

= 
1

(1 0)
6

−  = 
1

6
. 

8. 5sin cosp p dp  = 5u du   (u = sinp) 

= 
6

6

u
 + C = 

6sin

6

p
 + C 

9. 2sin 4t dt  = 
1 cos8

2

t
dt

−



  

= 
1

2
dt  – 

1
cos8

2
t dt   
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= 
1

2
t  – 

1 sin8

2 8

t
 + C  

= 
1

2
t  – 

1
sin8

16
t  + C. 

10. 2

0

cos 4q dq



  = 

0

1 cos8

2

q
dq



+



  

= 
0

1

2
dq



  + 
0

1
cos8

2
q dq



   

= 
0

1

2
q


 + 

0

1 sin8

2 8

q


   

= 
1

( 0)
2
−  + 

1

16
(sin 8π – sin 0) = 

2


. 

11. 3sin 2x dx  = 2sin 2 sin 2x xdx   

= 
1 cos 4

sin 2
2

x
xdx

−



  

= 
1

sin 2
2

xdx  – 
1

cos 4 sin 2
2

x x dx   

= 
1

sin 2
2

xdx  – 
1

(sin 6 sin 2 )
4

x x dx+   

= 
1 cos 2

2 2

x 
− 
 

 – 
1 cos6

4 6

x 
− 
 

 – 
1 cos 2

4 2

x 
− 
 

 + C  

= 
cos6

24

x
 – 

cos 2

8

x
 + C. 

12. 2 4cos 2 sin 2x x dx  = 2 2 2cos 2 sin 2 sin 2x x xdx   

= 2 21
(2cos 2 sin 2 ) sin 2

4
x x xdx   

= 2 21
sin 4 sin 2

4
x xdx   

= 21 1 cos 4
sin 4

4 2

x
x dx

− 
 
 





  

= 21 1 cos 4
sin 4

4 2

x
x dx

− 
 
 





  

= ( )21
sin 4 1 cos 4

8
x x dx−   
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= 21
sin 4

8
xdx  – 21

sin 4 cos 4
8

x xdx   

= 
1 1 cos8

8 2

x
dx

−



 – 
21

8 4

u
du





  (u = sin4x) 

= 
1

16
x  – 

1 sin8

16 8

x
 – 

31

32 3

u
  + C 

= 
1

16
x  – 

sin8

128

x
 – 

3sin 4

96

x
 + C 

13. 4cos 2y dy  = 2 21
(2cos 2 )

4
y dy   

= 21
(1 cos 4 )

4
y dy+   

= 21
(1 2cos 4 cos 4 )

4
y y dy+ +   

= 
1 1 cos8

(1 2cos 4 )
4 2

y
y dy

+
+ +




  

= 
1 sin 4 1 1 sin8

( 2 )
4 4 2 2 8

y y
y y+ + +  + C  

= 
3 1 1

sin 4 sin8
8 8 64

y y y+ +  + C. 

14. 

1

4

0

sin x dx  = 

1

2 2

0

1
(2sin )

4
x dx   

= 

1

2

0

1
(1 cos 2 )

4
x dx−    

= 

1

2

0

1
(1 2cos 2 cos 2 )

4
x x dx−  +    

= 

1

0

1 1 cos 4
(1 2cos 2 )

4 2

x
x dx

+ 
−  +




  

= 

1

0

1 3 1
( 2cos 2 cos 4 )

4 2 2
x x dx−  + 




  

= 

1

0

3 1 1
sin 2 cos 4

8 4 32
x x x

 
−  +  

  
  

= 
3 1 1 1

sin 2 cos 4
8 4 32 32
− + −

  
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= 
3

0 0
8
− +  = 

3

8
. 

15. 3 2cos 3 sin 3 d    = 2 2cos 3 sin 3 cos3 d      

= 2 2(1 sin 3 )sin 3 cos3 d−       

= 2 2(1 sin 3 )sin 3 cos3 d−       

= 2 21
(1 )

3
u u du−   (u = sin3θ) 

= 2 41
( )

3
u u du−   

= 
3 51

3 3 5

u u 
− 

 
 + C  

= 
3 5

9 15

u u
−  + C 

= 
3 5sin 3 sin 3

9 15

 
−  + C. 

16. 6cos 2x dx  = 2 31
(2cos 2 )

8
x dx   

= 31
(1 cos 4 )

8
x dx+   

= 2 31
(1 3cos 4 3cos 4 cos 4 )

8
x x x dx+ + +   

= 21 3
(1 3cos 4 (1 cos8 ) (1 sin 4 )cos 4 )

8 2
x x x x dx+ + + + −




  

= 
1 3

(1 3cos 4 (1 cos8 ))
8 2

x x dx+ + +



 + 21
(1 )

8 4

du
u−




  (u = sin4x) 

= 
1 3sin 4 3 sin8

( )
8 4 2 8

x x
x x

 
+ + + 

 
 + 

31

32 3

u
u
 

− 
 

 + C  

= 
35 sin 4 3sin8 sin 4

16 8 128 96

x x x
x + + −  + C  

17. 3cos 3y dy  = 2cos 3 cos3y y dy   

= 2(1 sin 3 )cos3y y dy−   (u = cos3y)  

= 21
(1 )

3
u du−   
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= 
31

( )
3 3

u
u C− +   

= 
3

3 9

u u
C− +  

= 
3cos3 cos 3

3 9

y y
C− + . 

18. 3 3cos 2 sin 2s s ds  = 31
(2cos 2 sin 2 )

8
s s ds   

= 31
sin 4

8
s ds   

= 21
sin 4 sin 4

8
s s ds   

= 21
(1 cos 4 )sin 4

8
s s ds−   (u = cos4s) 

= 21
(1 )

32
u du− −   

= 
31

( )
32 3

u
u− −  + C  

= 
3cos 4 cos 4

96 32

s s
−  + C. 

19. 6sin 4s ds  = 2 31
(2sin 4 )

8
s ds   

= 31
(1 cos8 )

8
s ds−   

= 2 31
(1 3cos8 3cos 8 cos 8 )

8
s s s ds− + −   

= 21 3(1 cos16 )
(1 3cos8 (1 sin 8 )cos8 )

8 2

s
s s s ds

+
− + − −




  

= 21 3(1 cos16 ) 1
(1 3cos8 ) (1 sin 8 )cos8

8 2 8

s
s ds s s ds

+
− + − −


    (u = sin8s) 

= 
21 3(1 cos16 ) 1 (1 )

(1 3cos8 )
8 2 8 8

s u
s ds du

+ −
− + −





  

= 
31 3sin8 3 3sin16 1

( )
8 8 2 32 8 3

s s s u
s u
 

− + + − − 
 

 + C  

= 
35 3sin 8 3sin16 sin 8 sin 8

16 64 256 64 192

s s s s s
− + − +  + C  
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= 
35 sin 8 3sin16 sin 8

16 16 256 192

s s s s
− + +  + C  

20. 5cos 2r dr  = 4cos 2 cos 2r r dr   

= 2 2(1 sin 2 ) cos 2r r dr−   (u = sin2r) 

= 2 21
(1 )

2
u du−   

= 2 41
(1 2 )

2
u u du− +   

= 
3 51 2

( )
2 3 5

u u
u − +  + C  

= 
3 5sin 2 2sin 2 sin 2

2 3 10

r r r
− + + C. 

21. 5 4cos 2 sin 2w w dw  = 4 4cos 2 sin 2 cos 2w w wdw   

= 2 2 4(1 sin 2 ) sin 2 cos 2w w wdw−   (u = sin2w) 

= 2 2 41
(1 )

2
u u du−   

= 2 4 41
(1 2 )

2
u u u du− +   

= 4 6 81
( 2 )

2
u u u du− +   

= 
5 7 91

( 2 )
2 5 7 9

u u u
− +  +C  

= 
5 7 9sin 2 sin 2 sin 2

10 7 18

w w w
− +  + C 

22. 
( )2cos ln r

dr
r





 = 2cos u du   (u = lnr) 

= 
(1 cos 2 )

2

u
du

+



  

= 
1 1

sin 2
2 4

u u+  + C  

= 
1 1

ln sin(2ln )
2 4

r r+  + C. 

23. ( )2sinx xe e dx  = 2sin u du   (u = xe ) 
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= 
(1 cos 2 )

2

u
du

−



  

= 
1 1

sin 2
2 4

u u−  + C 

= 
1 1

sin 2
2 4

x xe e−  + C 

24. 3 5cos 2 sin 2x x dx  = 2 5cos 2 sin 2 cos 2x x xdx   

= 2 5(1 sin 2 )sin 2 cos 2x x xdx−   (u = sin2x) 

= 2 51
(1 )

2
u u du−   

= 5 71
( )

2
u u du−   

= 
6 81

2 6 8

u u 
− 

 
 + C  

= 
6 8sin 2 sin 2

12 16

x x
−  +C. 

25. sin 3 cos5x x dx  = 
1

(sin8 sin 2 )
2

x x dx−   

= 
1 cos8 cos 2

2 8 2

x x 
− + 
 

 + C  

= 
cos 2 cos8

4 16

x x
−  + C. 

26. cos 2 cos 4x x dx  = 
1

(cos6 cos 2 )
2

x x dx+   

= 
1 sin 6 sin 2

2 6 2

x x 
+ 

 
 +C  

= 
sin 6 sin 2

12 4

x x
+  + C. 

27. sin 3 sin 2x x dx  = 
1

(cos 2 cos6 )
2

x x dx−   

= 
1 sin 2 sin 6

2 2 6

x x 
− 

 
 + C  

= 
sin 2 sin 6

4 12

x x
−  +C. 
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28. a) If | | | |a b , sin cosax bx dx  = 
1

(sin( ) sin( ) )
2

a b x a b x dx+ − −   

= 
1 cos( ) cos( )

2

a b x a b x

a b a b

+ − 
− + 

+ − 
 + C  

= 
cos( ) cos( )

2( ) 2( )

a b x a b x

a b a b

− +
−

− +
 + C. 

 b) | | | |a b , sin sinax bx dx  = 
1

(cos( ) cos( ) )
2

a b x a b x dx− − +   

= 
1 sin( ) sin( )

2

a b x a b x

a b a b

− + 
− 

− + 
 + C  

= 
sin( ) sin( )

2( ) 2( )

a b x a b x

a b a b

− +
−

− +
 +C. 

 c) | | | |a b , cos cosax bx dx  = 
1

(cos( ) cos( ) )
2

a b x a b x dx+ + −   

= 
1 sin( ) sin( )

2

a b x a b x

a b a b

+ − 
+ 

+ − 
 +C  

= 
sin( ) sin( )

2( ) 2( )

a b x a b x

a b a b

+ −
+

+ −
 + C. 

*29 Let tan x = t then x = 1tan t−  and dx = 
2

1

1 t+
. 

/ 2

3

0

1

1 tan
dx

x








+
 = 

3 2

0

1 1

1 1
dt

t t









+ +

. 

3 2

1 1

1 1t t


+ +
 = 

( )( )( )2 2

1

1 1 1t t t t+ + − +
 = 

1

A

t+
 + 

21

Bt C

t

+

+
 + 

2 1

Dt E

t t

+

− +
. 

0

0

2 0

0

1

A B D

A C D E

A D E

A B D E

A C E

+ + =

− + + + =


+ + =
− + + + =


+ + =

   

1/ 6

1/ 2

1/ 2

2 / 3

1/ 3

A

B

C

D

E

=


=


=
 = −


=

. 

Therefore, 
( )( )( )2 2

1

1 1 1t t t t+ + − +
 = 

1

6(1 )t+
 + 

2

1

2(1 )

t

t

+

+
 + 

2

2 1

3( 1)

t

t t

− +

− +
. 
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3 2

0

1 1

1 1
dt

t t









+ +

 = 

0

1

6(1 )
dt

t








+
 + 

2

0

1

2(1 )

t
dt

t








+

+
 + 

2

0

2 1

3( 1)

t
dt

t t








− +

− +
 = 

0

1
ln |1 |

6
t



+  + 

2

0

1
ln |1 |

4
t



+  + 1

0

1
tan

2
t


−  – 2

0

1
ln | 1|

3
t t



− +  = 
1/ 2 2 1/ 4

3 1/3

0

|1 | ( 1)
ln

(1 )

t t

t


 + +
  + 

 + 1

0

1
tan

2
t


−  = 

+∞ – 0 + 
1

2 2


  – 0 = +∞. 

*30. Since g(x) is continuous on the closed interval [0, π], exists c, 0 < c < π, such that  

0

( )g x dx


  = 
0

( )g c dx


  = ( )( 0)g c −  = πg(c) and πg(c) = 0. 

Therefore, g(c) = 0 and c is a zero of g(x). 

Suppose that g(x) has only one zero in the open interval (0, π) and it is c. 

Assume g(x) > 0 in [0, c) and g(x) < 0 in (c, π], and c < 
2


. Then 

0

( )
c

g x dx  = ( )
c

g x dx


− . 

Moreover, 
/ 2

0

( )cosg x x dx


  = 
0

( )cos
c

g x x dx  + 
/ 2

( )cos
c

g x x dx


  and cos x > cos c as 0 < x < c 

implies 
0

( )cos
c

g x x dx  > 
0

cos ( )
c

c g x dx  . 

/ 2

( ) cos
c

g x x dx


  ≤ 
/ 2

cos ( )
c

c g x dx


   < cos ( )
c

c g x dx


   = cos ( )
c

c g x dx


−   . 

Thus 
0

( )cos
c

g x x dx  > 
0

cos ( )
c

c g x dx   and ( )cos
c

g x x dx


  > cos ( )
c

c g x dx


  . 

So 
0

( )cosg x x dx


  > 
0

cos ( )c g x dx


   which is impossible as both integrals equal to zero. 

Therefore, g(x) has at least two zeros in the open interval (0, π). 
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1.2.  Trigonometric substitutions  

 

1. 2sec 5x dx  = 
2

1

cos 5
dx

x





 = 
1

5
tan5x + C. 

2. csc3r dr  = 
1

sin 3
dr

r





 = 
1 1

3 32
sin cos

2 2

dr
r r






  

= 
2

1 1

3 32
tan cos

2 2

dr
r r






 =  

= 
1 1

3
du

u





 
3

( tan )
2

r
u =  

= 
1

ln
3

u  + C  

= 
1 3

ln tan
3 2

r
 + C  

3. cot10w dw  = 
cos10

sin10

w
dw

w





  

= 
1 1

10
du

u





  (u = sin10w) 

= 
1

10
ln|u| + C  

= 
1

10
ln|sin10w| + C  

4. sin 3 tan 3x x dx  = 
2sin 3

cos3

x
dx

x





  

= 
21 cos 3

cos3

x
dx

x

−



  

= 
1

( cos3 )
cos3

x dx
x
−




  

= 
1 1

ln sec3 tan 3 sin 3
3 3

x x x C+ − + . 

5. 

0

1 1
csc cot

4 4
y y dy







 = 
0

4csc
4

y


−  = –4(
2

2
 – 

1

0
) = +∞. 
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6. 
/ 6

2

/12

csc 2x dx





  = 
/ 6

/12

1
cot 2

2
x




−   

= 
1

(cot cot )
2 3 6

 
− −   

= 
1 3

( 3)
2 3

− −  = 
3

3
. 

7. tan x dx  = tan x dx   

= 
1


ln|secπx| + C. 

8. sec 2z dz  = 
1

cos 2
dz

z





  

= 
1

sin( 2 )
2

dz

z

−






  

= 
1 1

2
sin( )cos( )

4 4

dz

z z
 
− −






  (u = 
4

z

− ) 

= 
2

1 1

2 tan cos
du

u u
− 




  (w = tanu) 

= 
1 1

2
dw

w
− 




  

= 
1

ln | |
2

w−  + C  

= 
1

ln | tan( ) |
2 4

z


− −  + C. 

9. 2sec 3 tan 3x x dx  = 
2

1 sin 3

cos 3 cos3

x
dx

x x





  (u = cos3x) 

= 
3

1 1

3
du

u
− 




  

= 
2

1

6u
 + C  

= 
2

1

6sin 3x
 + C 

10. 3cot 2x dx  = 
3

3

cos 2

sin 2

x
dx

x




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= 
2

3

cos 2 cos 2

sin 2

x x
dx

x





  

= 
2

3

(1 sin 2 )cos 2

sin 2

x x
dx

x

−



  (u = sin2x) 

= 
2

3

1 (1 )

2

u
du

u

−



  

= 
2

1 1
ln | |

2 2
u

u

 
− − 
 

 + C  

= 
2

1 ln | sin 2 |

4sin 2 2

x

x
− −  + C. 

11. 3

0

tan 4x dx



  = 
3

3

0

sin 4

cos 4

x
dx

x







  

= 
2

3

0

sin 4 sin 4

cos 4

x x
dx

x







  

= 
2

3

0

(1 cos 4 )sin 4

cos 4

x x
dx

x



−



  

= 
0

1 1
ln | cos 4 |

4 2cos 4
x

x



 
− − − 

 
  

= 
0

1 1 1
ln1 ln1

4 2 2



 
− − − + + 

 
 = 0. 

12. 2cot 2 csc 2w w dw  = 
2

cos 2 1

sin 2 sin 2

w
dw

w w





  

= 
3

cos 2

sin 2

w
dw

w





  (u = sin2w) 

= 
3

1 1

2
du

u





 

= 
2

1 1

2 2u

 
− 
 

+C  

= 
2

1

4sin 2w
− +C. 

13. 
2 1

tan
2

x dx



 = 
2

1
1

1
cos

2

dx

x

 
 

− 
 
 






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= 
1 1

2(tan )
2 2

x x−  + C  

= 
1

2 tan
2

x x−  + C 

14. 
/ 2

2

/3

cot 2x dx





  = 

/ 2

2

/3

1
1

sin 2
dx

x





 
− 

 





  

= 

/ 2

/3

cot 2
( )

2

x
x





− −  = –∞. 

15. 
( )2csc ln x

dx
x





 = 2csc u du   (u = lnx) 

= –cotu + C  

= –cot(lnx) + C. 

16. ( )2 2secx x dx  = 21
sec

2
u du   (u = x2) 

= 
1

tan
2

u  + C  

= 21
tan

2
x  + C. 

17. sec tanx x xe e e dx  = sec tanu udu   (u = ex) 

= secu + C = sec ex + C. 

18. 
( )tan ln x

dx
x





 = tan u du   (u = lnx) 

= ln|secu| + C = ln|sec(lnu)| + C. 

19. Let x = tant, then dx = 
2

1

cos
dt

t
. 

( )
3/ 2

21

dx

x+





 = 

( )
3/ 2

2 2cos 1 tan

dt

t t+





  

= 
3/ 2

2

2

1
cos

cos

dt

t
t

 
 
 






 

= cos tdt  = sint + C = sin(tan–1x) + C  

= 
21

x

x+
 + C. 
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20. Let w = 3sint, then dw = 3cost. 

29

3

w
dw

w

−



 = 
29 9sin

3cos
9 sin

t
tdt

t

−



  

= 
2cos

3
sin

t
dt

t





 = 
21 sin

3
sin

t
dt

t

−



  

= 
1

3 ( sin )
sin

t dt
t
−





 

= 
3 1

3 sin
2

sin cos
2 2

dt tdt
t t

−





   

= 
2

3 1
3 sin

2
tan cos

2 2

dt tdt
t t

−





   

= 3ln tan 3cos
2

t
t+  + C  

= 1 11
3ln tan sin 3cos sin

2 3 3

w w− −   
−   

   
 + C  

= 
23 9

3ln tan
w

w

 − −
 
 
 

 – 
29 w−  + C. 

21. Let y = 2 sint, then dy = 2 cost. 

2

22

y
dy

y−





 = 
2

2

2sin
2 cos

2 2sin

t
tdt

t−





  

= 22sin tdt  = 22sin tdt   

= (1 cos 2 )t dt−  

= t  – 
1

sin 2
2

t  + C  

= 
1sin

2

y−
 – 11

sin 2sin
2 2

y− 
 
 

 + C  

= 
1sin

2

y−
 – 

21

2

y y−
 + C. 

22. Let x = 2tant, then dx = 
2

2

cos
dt

t
. 
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2 28 2

dx

x x+





 = 
2 2 2

2

4 tan 8 2 4 tan cos

dt

t t t+ 





  

= 
2

2

2

sin 1
4 2 cos

cos cos

dt

t
t

t t






  

= 
2

cos

4 2 sin

tdt

t





  

= 
1

4 2 sin t
−  + C. 

= 
1

1

4 2 sin(tan / 2)x−
−  + C  

= 
24

4 2

x

x

+
−  + C. 

23. Let x = 
1

2
sint, then dx = 

1

2
costdt. 

21 4x dx−  = 21
1 sin cos

2
t tdt−   

= 21
cos

2
tdt  = 

1
(1 cos 2 )

4
t dt+   

= 
1

4
t  + 

sin 2

8

t
 + C 

= 11
sin 2

4
x−  + 

1sin(2sin 2 )

8

x−

 + C  

= 11
sin 2

4
x−  + 

21 4

2

x x−
. 

24. Let x = 
5

2
tant, then dx = 

2

5

2cos
dt

t
. 

225 4

dx

x x+





 = 
2

2

5 1

2 cos
5

tan 25 25 tan
2

dt
t

t t+







  

= 
2

1

cos
sin 1

5
cos cos

dt
t

t

t t







  

= 
5sin

dt

t




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= 
1

csc
5

tdt   

= 
1

ln csc cot
5

t t− +  + C  

= 1 11 2 2
ln csc tan cot tan

5 5 5
x x− −   

− +   
   

 + C 

= 
21 25 4 5

ln
5 2 2

x

x x

+
− +  + C. 

25. Let x = sint, then dx = costdt. 

21

x dx

x−





 = 
2

sin cos

1 sin

t t dt

t−





  

= 
sin cos

cos

t t dt

t





  

= sin tdt  = –cost + C  

= 1cos(sin )x−−  + C 

= = 
21 x− −  + C. 

26. Let x = 2sint, then dx = 2costdt. 

2

2

0

4x x dx−  = 
/ 2

2

0

4sin cos 4 4sint t t dt



−   

= 
/ 2

2

0

8sin cost t dt



   

= 

/ 2
3

0

8cos

3

t


−  = –
8

3
(0 – 1) = 

8

3
. 

27. Let θ = 1sec
2

x−  then 2secx =  and dx = 2secθ tanθdθ, if x > 2. 

2 4

2

x
dx

x

−



 = 
24sec 4

2sec tan
4sec

d


  


−
   

= 2tan d   = 2(sec 1)d −   

= tanθ – θ + C =  

= 
2 4

2

x −
 – 1sec

2

x−  + C. 
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28. Let θ = 1tan
2 3

x−  then 2 3 tanx =  and dx = 22 3sec d   and secθ is always positive as 

θ belongs to (–π/2, π/2). 

212 x
dx

x

+



 = 
2

212 12 tan
2 3 sec

2 3 tan
d


 



+






  

= 
32 3 sec

tan
d




  = 
2

1
2 3

sin cos
d

    

= 
2

sin 1
2 3

cos sin
d




 

 
+ 

 
   

= ( )2 3 sec ln(csc cot ) C  − + +   

= 
2 212 12 2 3

2 3 ln( )
2 3

x x
C

x x

 + +
− + + 

 
 

  

= 
2

2 12 2 3
12 2 3 ln

x
x C

x x

 +
+ − + + 

 
 

 

29. Let θ = 1tan
4

x−  then x = 4tanθ and dx = 24sec d   and secθ is always positive as θ belongs 

to (0, 1 3
tan

4

− ). 

3

2

0
16

dx

x+





 = 

1 3
tan

4
2

2

0

4sec

16 16 tan

d 



−

+





  

= 

1 3
tan

4
2

0

sec

sec

d 



−





 = 

1 3
tan

4

0

sec d 

−

   

= 
1 3

tan
4

0
ln(sec tan ) 

−

+   

= 
9 16 3

ln( ) ln(1 0)
16 4

+
+ − +   

= ln2. 

30. Let θ = 1 3
tan

4

x−  then x = 
4

3
tanθ and dx = 24

sec
3

d   and secθ is always positive as θ 

belongs to (–π/2, π/2). 

2 216 9x x dx+  = 2 2 216 4
tan 16 16 tan sec

9 3
d   + 




 = 2 3256
tan sec

27
d     
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= 5 3256
(sec sec )

27
d  −  =  

= 
5 3

256 1 1

27
sin ( ) sin ( )

2 2

d
 

 

 
 

− 
 − −
 







 

= 
5 5 3 3

256 1 1

27
32sin ( )cos ( ) 8sin ( )cos ( )

4 2 4 2 4 2 4 2

d
       

 
 

− 
 − − − −
 







 

= 

3

2 2 2 2

5 5 3 3

sin ( ) cos ( ) sin ( ) cos ( )
256 4 2 4 2 4 2 4 2

27
32sin ( )cos ( ) 4sin ( )cos ( )

4 2 4 2 4 2 4 2

d

       


       

  
− + − − + − 

  −
 

− − − − 
 








  

= 

5 3 3 5

sin( ) cos( )
256 3 34 2 4 2

27
32cos ( ) 32sin ( )cos( ) 32sin( )cos ( ) 32sin ( )

4 2 4 2 4 2 4 2 4 2 4 2

d

   


           

 
− − 

+ + + 
 − − − − − −
 







 – 
3 3

256 1 1

27
4sin( )cos ( ) 4sin ( )cos( )

4 2 4 2 4 2 4 2

d
       

 
 

+ 
 − − − −
 







 =  

5 5 3 3

sin( ) cos( ) cos( ) sin( )
256 3 24 2 4 2 4 2 4 2

27 32
32cos ( ) 32sin ( ) sin( )cos( ) sin ( ) cos ( )

4 2 4 2 4 2 4 2 4 2 4 2

d

       


           

  
− − − −  

+ + + +  
  − − − − − − 

  







– 
3 3

sin( ) cos( )
256 24 2 4 2

27
4cos ( ) 4sin( )cos( ) 4sin ( )

4 2 4 2 4 2 4 2

d

   


       

 
− − 

+ + 
 − − − −
 







 = 

4 4

256 2 2

27
32( 4)cos ( ) 32( 4)sin ( )

4 2 4 2

   

 
 −

+ 
 − − − −
 

 + 

2 2

256 3 4 3 ( 2) 3 2
ln sin( )

27 32 2 32 32
( 2)sin ( ) ( 2)cos ( )

4 2 4 2




   

 
  −

− +  +  
 − − − −
 

 –  
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2 2

2 256 1 1
ln sin( )

4 27 2
( 2)cos ( ) ( 2)sin ( )

4 2 4 2

C



   

 
 − −

 + − − + 
 − − − −
 

 =  

2 2

4 4

cos ( ) sin ( )
2 4 2 4 2

27
cos ( )sin ( )

4 2 4 2

   

   

 
− − − 

 
 − −
 

 + 
2 2

32 8 1 8 1
ln sin( )

9 2 9 9
sin ( ) cos ( )

4 2 4 2




   

 
 

− + − 
 − −
 

 – 

2 2

256 1 1
ln cos

27
4cos ( ) 4sin ( )

4 2 4 2

C
   

 
 −

+ − + 
 − −
 

  

= 
4

64cos( )
2 2

27
sin ( )

2







 
− 

 
 −
 

 + 
2

4cos( )
32 8 2ln cos
9 9

sin ( )
2









 
− 

+  
 −
 

 – 
2

256 sin
ln cos

27 cos
C






 
− + 

 
  

= 
4

2 64sin

27 cos





 
 
 

 + 
2

32 8 4sin
ln cos

9 9 cos






 
+  

 
 – 

2

256 sin
ln cos

27 cos
C






 
− + 

 
  

= 
2 42 2

64
27 2

x x

x

 −
 
 
 

 + 
2 232 2 8 4 2

ln cos
9 9 2

x x

x x

 −
+  

 
 

 – 
2 2256 2 2

ln cos
27 2

x x
C

x x

 −
− + 

 
 

  

= 
3 264 2

27

x x −
 + 232 2 16

ln cos 2
9 9

x x
x

+ −  – 2128 256 2
2 ln cos

27 27
x x C

x
− − +   

= 
3 264 2

27

x x −
 + 

32 2
ln cos

9 x
 – 280 256 2

2 ln cos
27 27

x x C
x

− − + . 

31. Let θ = 1 3
tan

2

x−  then x = 
2

3
tanθ and dx = 22

sec
3

d   and secθ is always positive as θ 

belongs to (–π/2, π/2). 

2 24 9

dx

x x+





 = 
2

2 2

9 2sec

4 3tan 4 4 tan

d 

 



 +





  

= 
2

3sec

4 tan

d 







 = 
2

3cos

4sin

d 







  

= 
3

4sin
C


− +  = 

3
csc

4
C− +   

= 
23 4 9

4 3

x
C

x

+
− +  = 

24 9

4

x
C

+
− + . 
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32. Let θ = 1 11
sec

2

y−  then |y| = 
2

11
secθ and dy = 

2
sec tan

11
d    if y ≥ 

2

11
 and dy = 

2
sec tan

11
d  −  if y ≤ 

2

11
− . 

2121 4

dy

y y −





 = 
2

2

2 11sec tan 2
,

1111 2sec 4sec 4

2 11sec tan 2
,

1111 2sec 4sec 4

d
y

d
y

  

 

  

 

 


 −


−   −
 −  −









  

= 
tan

2 tan

d 







 = 
1

2
C +  = 11 11

sec
2 2

y
C− +  

33. Let θ = 1 2
sec

3

x−  then |x| = 
3

2
secθ and dx = 

3
sec tan

2
d    if x > 3. 

2 24 9

dx

x x −





 = 
2 2

3/ 2 sec tan

3/ 2 sec 9sec 9

d  

 



 −





  

= 
tan

sec tan

d 

 





 = cos d   = sinθ + C = 
24 9

2

x

x

−
 + C. 

34. Let θ = 1tan
3

x−  then x = 3tanθ and dx = 23sec d   and secθ is always positive as θ belongs 

to (–π/2, π/2). 

4
2

2

0
9

x
dx

x+





 = 

1 3
tan

4
2

2

2

0

9 tan
3sec

9 9 tan
d


 



−

+





  

= 

1 3
tan

4
2

0

9 tan sec d  

−

   

= 

1 3
tan

4
3

0

9 (sec sec )d  

−

−   

= 

1 3
tan

4
3

0

9 (sec sec )d  

−

−  

= 

1

1

3
tan

4 3
tan

4

3
0

0

1
9 9 sec

sin ( )
2

d d  




−

−

−

−






   
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= 

1

1

3
tan

4 3
tan

4

3 3
0

0

1
9 9 sec

8sin ( )cos ( )
4 2 4 2

d d  
   

−

−

−

− −






   

= 

1

1

3
tan

4

3
2 2 tan

4

3 3
0

0

sin ( ) cos ( )
4 2 4 29 9 sec

8sin ( )cos ( )
4 2 4 2

d d

   

  
   

−

−

− + −

−

− −







   

= 

1

1

3
tan

4

3
tan

4

3 3
0

0

1 1
9 9 sec

8sin( )cos ( ) 8sin ( )cos( )
4 2 4 2 4 2 4 2

d d  
       

−

− 
 

+ − 
 − − − −
 







   

= 

1

1

3
tan

4

3
tan

4

3 3
0

0

sin( ) cos( )
9 24 2 4 2 9 sec
8

cos ( ) sin( )cos( ) sin ( )
4 2 4 2 4 2 4 2

d d

   

  
       

−

− 
− − 

+ + − 
 − − − −
 







   

= 

1 3
tan

4

2 2

0

1 ( 2) 1 ( 2)
9 ln sin( ) ln | sec tan |

2 2
( 2) 8cos ( ) ( 2) 8sin ( )

4 2 4 2


  

   

−

 
 −  − −

+ − + − + 
 −  − −  −
 

  

= 

1 3
tan

4

2

0

9 4sin 1
ln cos ln | sec tan |

8 cos 2


  



−

 
+ − + 

 
 

= 
9 3 25 1 4 3

4 ln ln
8 5 16 2 5 8
   + −   

= 
135 1 4 3

ln ln
32 2 5 8

+ − . 

35. Let θ = 1sin
2

x−  then 2sinx =  and dx = 2cosθdθ if 0 < x < 2. 

2

2 2

0

4x x dx−  = 

/ 2

2 2

0

4sin 4 4sin 2cos d



   −    

= 

/ 2

2 2

0

16sin cos d



     
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= 

/ 2

2

0

4 (2sin cos ) d



     

= 
/ 2

2

0

4 sin 2 d



    

= 

/ 2

0

2 (1 cos 4 )d



 −   

= 

/ 2

0

sin 4
2

2





 

− 
 

 = π. 

36. Let θ = 1sec
2 2

x−  then 2 2 secx =  and dx = 2 2 secθ tanθdθ, if x > 2 2 . 

2

2

8x dx

x

−



 = 
2

2

8sec 8
2 2 sec tan

8sec
d


  



−
   

= 
2tan

sec
d




   

= 
2sin

cos
d




  = 
1

cos
cos

d 


 
− 

 
   

= ln|secθ + tanθ| – sinθ + C =  

= 
2 8

ln
82 2

x x −
+  – 

2 8x

x

−
 + C. 

37. Let θ = 1sin
3

s−  then 3sins =  and ds = 3cosθdθ and cosθ is always positive as θ belongs to 

[–π/2, π/2]. 

2

2

9 s
ds

s

−



 = 
2

2

9 9sin
3cos

9sin
d


 



−



 

= 
2

2

cos

sin
d










  

= ( )2csc 1 d −   

= cot C − − +   

= 
2

19
sin

3

s s
C

s

−−
− − +  

38. Let θ = 1sin
3

x−  then 3sinx =  and dx = 3cosθdθ and cosθ is always positive as θ belongs to 

[–π/2, π/2]. 
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3

3 2

0

9x x dx−  = 

/ 2

3 2

0

27sin 9 9sin 3cos d



   −   

= 
/ 2

3 2

0

81sin cos d



     

= 

/ 2

2 2

0

81 (1 cos )cos sin d



   −   

= 

/ 2

2 4

0

81 (cos cos )sin d



   −   

= 

/ 2
3 5

0

cos cos
81

3 5



  
− − 

 
  

= 
1 1

0 81
3 5

 
+ − 

 
 = 

54

5
. 

39. Let θ = 1sec
2

x−  then 2 secx =  and dx = 2 secθ tanθdθ, if x > 2 . 

2

2 2

x
dx

x −





 = 
2

2

2sec
2 sec tan

2sec 2
d


  




−





  

= 
32 2 sec

tan
2 tan

d


 






  

= 32 sec d   = 
3

1
2

cos
d







  

= 
3

1
2

sin ( )
2

d


−






 = 
3 3

1
2

8sin ( )cos ( )
4 2 4 2

d
   
− −






  

= 

2 2

3 3

sin ( ) cos ( )
4 2 4 2

4sin ( )cos ( )
4 2 4 2

d

   


   

− + −

− −







  

= 
3 3

1 1

4sin( )cos ( ) 4sin ( )cos( )
4 2 4 2 4 2 4 2

d
       

 
 

+ 
 − − − −
 







  

= 
3 3

sin( ) cos( )
24 2 4 2

4cos ( ) 4sin( )cos( ) 4sin ( )
4 2 4 2 4 2 4 2

d

   


       

 
− − 

+ + 
 − − − −
 






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= 
2 2

2 1 1
ln sin( )

4 2
( 2)cos ( ) ( 2)sin ( )

4 2 4 2

C



   

 
 − −

+ − − + 
 − − − −
 

  

= 
2 2

1 1
ln cos

4cos ( ) 4sin ( )
4 2 4 2

C
   

−
+ − +

− −

  

= 
2

sin
ln cos

cos
C





− +   

= 
2 22 2

ln cos
2

x x
C

x x

−
− +   

= 
2 2 2

ln cos
2

x x
C

x

−
− + . 

40. Let θ = 1sin x−  then x = sinθ and dx = cosθdθ and cosθ is always positive as θ belongs to [0, 

π/2]. 

1

2 2

0

1x x dx−  = 

/ 2

2 2

0

sin 1 sin cos d



   −   

= 

/ 2

2 2

0

sin cos d



     

= 

/ 2
2

0

sin 2

4
d









  

= 

/ 2

0

1 cos 4

4
d






−



  

= 

/ 2

0

cos 4

4 16


  
− 

 
  

= 
1 1

0
8 16 16


− − +  = 

8


. 

41. Let θ = 
1sin

3 2

s−
 then s = 3 2 sinθ and ds = 3 2 cosθdθ and cosθ is always positive as θ 

belongs to [–π/2, π/2]. 

2

218

s
ds

s−





 = 
2

2

18sin
3 2 cos

18 18sin
d


 




−





  

= 218sin d   = 9 (1 cos 2 )d −   
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= 
sin 2

9( )
2

C


 − +   

= 
9

9 sin cos
2

C  − +   

= 
2

1 9 18
9sin

23 2 3 2 3 2

s s s
C− −

− +   

= 
2

1 18
9sin

43 2

s s s
C− −

− + . 

42. Let θ = 1sin
2

r−  then r = 2 sinθ and dr = 2 cosθdθ and cosθ is always positive as θ 

belongs to [–π/2, π/2]. 

2

1

2
dr

r r−





 = 
2

2 cos

2 sin 2 2sin
d




 −





  

= 
sin

d







  

= –ln|cscθ + cotθ| + C  

= –ln|
2

r
 + 

22 r

r

−
| + C. 

43. Let θ = 1sec x−  then secx =  and dx = secθ tanθdθ, if 2  < x < 3 . 

( )

3

2

5/ 2
2

2

1

x
dx

x −





 = 

( )

1 1
cos

3

2

5/ 2
2

/ 4

sec
sec  tan d

sec 1



  



−

−





  

= 

1 1
cos

3
3

4

/ 4

sec
d

tan







−





  

= 

1 1
cos

3

4

/ 4

cos
d

sin







−





  

= 

1 1
cos

3

3

/ 4

1

3sin 

−

−   

= 
1 3 3 8

( )
3 2 2 2 2

− −   
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= 
8 3 3

6 2

−
. 

44. Let θ = 1sec
2

x−  then 2secx =  and dx = 2secθ tanθdθ, if 5  < x < 6 . 

( )

6

3/ 2
2

5

1

4
dx

x −





 = 

( )

1

1

6
sec

2

3/ 2
2

5
sec

2

2sec  tan

4sec 4

d  



−

−

−





  

= 

1

1

6
sec

2

3

5
sec

2

2sec  tan

8 tan

d  



−

−





  

= 

1

1

6
sec

2

2

5
sec

2

sec  

4 tan

d 



−

−





 = 

1

1

6
sec

2

2

5
sec

2

cos  

4sin

d 



−

−





  

= 

1

1

6
sec

2

5
sec

2

1

4sin

−

−

−  = 

1

1

6
sec

2

5
sec

2

1
csc

4


−

−

−   

= 
5 3

4

−
. 

45. Let θ = 1sin
2

r−  then r = 2sinθ and dr = 2cosθdθ and cosθ is always positive as θ belongs to 

[0, π/2]. 

( )

1

3/ 2
2

0

1

4
dr

r−





 = 

( )

/ 6

3/ 2
2

0

1
2cos

4 4sin
d



 
−





  

= 

/ 6

3

0

2cos

8cos
d












  

= 

/ 6

2

0

1
sec

4
d



 



  

= 

/ 6

0

1
tan

4



   

= 
1

4 3
. 
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46. Let θ = 1sec xe−  then ln(sec )x =  and dx = 
sec  tan

sec

d  


 = tanθdθ as x >0. 

2 1

x

x

e
dx

e −





 = 
2

sec
tan

sec 1
d


 

 −





 = sec d   = ln|secθ + tanθ| + C = ln| xe  + 
2 1xe − |+ 

C. 

47. Let θ = 1sin (ln )x−  then lnx = sinθ, x = sine   and dx = sin cose d    as x >0 and x ≠ 1. 

( )

( )

2

2

1 ln

ln

x
dx

x x

−




 = 
2

sin

sin 2

1 sin
cos

sin
e d

e






 



−



  

= 
2

2

cos

sin
d










 = 
2

2

1 sin

sin
d






−



  

= cot C − − +  = 
2

11 ln
sin (ln )

ln

x
x C

x

−−
− − + . 

48. Let θ = 1 2
tan

7

x−  then x = 
7

2
tanθ and dx = 27

sec
2

d   and secθ is always positive as θ 

belongs to (–π/2, π/2). 

249 4x
dx

x

+



 = 
2

249 49 tan 7
sec

7 / 2 tan 2
d


 



+






  

= 
37sec

tan
d










  

= 
2

1
7

cos sin
d

 





  

= 
2

1 sin
7

sin cos
d




 

 
+ 

 





 

= 
7

7ln | csc cot |
cos

C 


− + + +   

= 
2

249 4 7
7ln | | 49 4

2 2

x
x C

x x

+
− + + + +  

49. Let θ = 
1 2sin x−

 then x = sin  and dx = 
cos d

2 sin

 


 and cosθ is always positive as θ belongs 

to [–π/2, π/2]. 

4

3

1 x
dx

x

−



 = 
2

3

1 sin cos d

( sin ) 2 sin

  

 

−



  

= 
2

2

cos

2sin

d 






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= 
2

2

1 (1 sin )

2 sin

d 



−



  

= 
1

( cot )
2

C − − +   

= 
4

1 2

2

1 1
sin

2 2

x
x C

x

−−
− − + . 

50. Let θ = 1sin (ln )x−  then lnx = sinθ, x = sine   and dx = sin cose d    as x >0 and x ≠ 1. 

( )

( )

2

2

1 ln

ln

x
dx

x x

−




 = 
2

sin

sin 2

1 sin
cos

sin
e d

e






 



−



  

= 
2

2

cos

sin
d










 = 
2

2

1 sin

sin
d






−



  

= cot C − − +  = 
2

11 ln
sin (ln )

ln

x
x C

x

−−
− − + . 

51. Let θ = 1 2sin x−  then x = sin  and dx = 
cos d

2 sin

 


 and cosθ is always positive as θ belongs 

to [–π/2, π/2]. 

4

3

1 x
dx

x

−



 = 
2

3

1 sin cos d

( sin ) 2 sin

  

 

−



  

= 
2

2

cos

2sin

d 







  

= 
2

2

1 (1 sin )

2 sin

d 



−



  

= 
1

( cot )
2

C − − +   

= 
4

1 2

2

1 1
sin

2 2

x
x C

x

−−
− − + . 

52. Let θ = 
1sec x−

 then secx =  and dx = secθ tanθdθ, if 1 < x < 2. 

2

2 2

1

1x x dx−  = 

/3

2 2

0

sec sec 1 sec  tan d



    −   

= 

/3

3 2

0

sec tan d



     

= 

/3

5 3

0

(sec sec ) d−


     
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= 

/3

5 3

0

(sec sec ) d−


    

= 
/3

5 3

0

1 1

sin ( / 2 ) sin ( / 2 )
d

 
− 

− − 




   

  

= 

/3

5 5 3 3

0

1 1

32sin ( / 4 / 2)cos ( / 4 / 2) 8sin ( / 4 / 2)cos ( / 4 / 2)
d

 
− 

− − − − 




       

  

= 
( )

3
2 2/3 2 2

5 5 3 3

0

sin ( / 4 / 2) cos ( / 4 / 2) sin ( / 4 / 2) cos ( / 4 / 2)

32sin ( / 4 / 2)cos ( / 4 / 2) 4sin ( / 4 / 2)cos ( / 4 / 2)
d

 − + − − + − −
 − − − −
 


        


       

  

= 

/3

5 3 3 5
0

sin( ) cos( )
3 34 2 4 2

32cos ( ) 32sin ( )cos( ) 32sin( )cos ( ) 32sin ( )
4 2 4 2 4 2 4 2 4 2 4 2

d

 
− − 

+ + + 
 − − − − − −
 




   


           

 

– 

/3

3 3
0

1 1

4sin( )cos ( ) 4sin ( )cos( )
4 2 4 2 4 2 4 2

d

 
 

+ 
 − − − −
 





       

 =  

/ 3

5 5 3 3
0

sin( ) cos( ) cos( ) sin( )
3 24 2 4 2 4 2 4 2

32
32cos ( ) 32sin ( ) sin( )cos( ) sin ( ) cos ( )

4 2 4 2 4 2 4 2 4 2 4 2

d

  
− − − −  

+ + + +  
  − − − − − − 

  




       


           

 

– 

/ 3

3 3
0

sin( ) cos( )
24 2 4 2

4cos ( ) 4sin( )cos( ) 4sin ( )
4 2 4 2 4 2 4 2

d

 
− − 

+ + 
 − − − −
 




   


       

 = 

/ 3

4 4

0

2 2

32( 4)cos ( ) 32( 4)sin ( )
4 2 4 2

 
 −

+ 
 − − − −
 



   
 + 

/3

2 2

0

3 4 3 ( 2) 3 2
ln sin( )

32 2 32 32
( 2)sin ( ) ( 2)cos ( )

4 2 4 2

 
  −

− +  +  
 − − − −
 






   
 –  

/3

/3

2 2
0

0

2 1 1
ln sin( )

4 2
( 2)cos ( ) ( 2)sin ( )

4 2 4 2

 
 − −

+ − − 
 − − − −
 







   

 =  
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/ 3

2 2

4 4

0

cos ( ) sin ( )
4 2 4 2

64cos ( )sin ( )
4 2 4 2

 
− − − 

 
 − −
 


   

   
 + 

/3

2 2

2 2

0

cos ( ) sin ( )
3 4 3 4 2 4 2ln cos
32 32

cos ( )sin ( )
4 2 4 2

 
− − − 

+  
 − −
 


   


   

 –  

/3

2 2

/3

0
2 2

0

sin ( ) cos ( )
1 4 2 4 2 ln cos

4
cos ( )sin ( )

4 2 4 2

 
− − − −

− 
 − −
 





   


   

 = 

/3

4

0

sin

4cos

 
 
 





 + 

/ 3

2

0

3 sin
ln cos

8 cos

 
+ 

 







 –  

/ 3
/3

2 0
0

sin
ln cos

cos

 
− 

 







 = 
3 5

3 ln 2
4 8

− . 

53. i- The are of the sector of the circle is 
2

1
2

a
S


= . 

The area of the triangle is 
2

sin

2

ab
S


= .  

Then the are of the shaded region is 1 2S S S= −  = 
2 sin

2

a ab −
. 

ii- S = 2 2

a

b

a x dx− .  

Using a trigonometric substitution θ = 1sin x−  

we have  

2 2

a

b

a x dx−  = 

1

1

sin

2 2 2

sin

sin cos

a

b

a a a d  

−

−

−   = 

1

1

sin

2 2

sin

cos

a

b

a d 

−

−

  = 

1

1

sin2

sin

(1 cos 2 )
2

a

b

a
d 

−

−

−  =  

1

1

sin2

sin

sin 2
( )

2 2

a

b

a 


−

−

−  = 
1

1

2
sin

sin
( sin cos )

2

a

b

a
  

−

−−  = 
2

1 1 2 2(sin sin 1 1 )
2

a
a b a a b b− −− − − + − . 
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2.  Partial Fractions  

1. 
( )

1

1x x

−

−
 = 

A

x
 + 

1

B

x −
 = 

( )1

Ax A Bx

x x

− +

−
 = 

( )
( )

1

A B x A

x x

+ −

−
. 

This implies that –1 = (A + B)x – A. 

0

1

A B

A

+ =

− = −

   
1

1

A

B

=


= −
. 

Therefore, 
( )

1

1x x

−

−
 = 

1

x
 – 

1

1x −
 

2. 
2

4

1

x

x −
 = 

( )( )
4

1 1

x

x x− +
 = 

1

A

x −
 + 

1

B

x +
 = 

( ) ( )

( )( )

1 1

1 1

A x B x

x x

+ + −

− +
 = 

( )

( )( )1 1

A B x A B

x x

+ + −

− +
. 

This implies that 4x = (A + B)x + A – B. 

4

0

A B

A B

+ =


− =
   

2

2

B

A

=


=
. 

Therefore, 
2

4

1

x

x −
 = 

2

1x −
 – 

2

1x +
. 

3. 
2

8 8

6 55

x

x x

−

+ −
 = 

( )( )
8 8

11 5

x

x x

−

+ −
 = 

11

A

x +
 + 

5

B

x −
 = 

( ) ( )

( )( )

5 11

11 5

A x B x

x x

− + +

+ −
 = 

( )

( )( )

5 11

11 5

A B x A B

x x

+ − +

+ −
. 

This implies that 8x – 8= (A + B)x – 5A + 11B. 

8

5 11 8

A B

A B

+ =

− + = −

   
2

6

B

A

=


=
. 

Therefore, 
2

8 8

6 55

x

x x

−

+ −
 = 

6

11x +
 – 

2

5x −
. 

4. 
2

3 2

8 13 4

2

x x

x x x

− −

+ −
 = 

( )( )

28 13 4

2 1

x x

x x x

− −

+ −
 = 

A

x
 + 

2

B

x +
 + 

1

C

x −
 = 

( ) ( )

( )

2

2

2 1 ( 2)

2

A x x Bx x Cx x

x x x

+ − + − + +

+ −
 

= 
( )

( )

2

2

( 2 ) 2

2

A B C x A B C x A

x x x

+ + + − + −

+ −
. 

This implies that 
28 13 4x x− −  = ( ) 2 ( 2 ) 2A B C x A B C x A+ + + − + − . 

8

2 13

2 4

A B C

A B C

A

+ + =


− + = −
 − = −

   

2

3

3

A

B

C

=


=
 =

. 
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Therefore, 
2

3 2

8 13 4

2

x x

x x x

− −

+ −
 = 

2

x
 + 

3

2x +
 + 

3

1x −
. 

5. 
3 2

15

6 5

x

x x x

− +

+ +
 = 

( )( )
15

5 1

x

x x x

− +

+ +
 = 

A

x
 + 

5

B

x +
 + 

1

C

x +
 = 

( ) ( )

( )

2

2

6 5 1 ( 5)

6 5

A x x Bx x Cx x

x x x

+ + + + + +

+ +
 = 

( ) ( )

( )

2

2

6 5 5

6 5

A B C x A B C x A

x x x

+ + + + + +

+ +
. 

This implies that –x + 15 = ( ) ( )2 6 5 5A B C x A B C x A+ + + + + + . 

0

6 5 1

5 15

A B C

A B C

A

+ + =


+ + = −
 =

   

3

1

4

A

B

C

=


=
 =

. 

Therefore, 
3 2

15

6 5

x

x x x

− +

+ +
 = 

3

x
 +

1

5x +
 + 

4

1x +
. 

6. 
( )( )( )

20 2

2 1 5

x

x x x

+

− + +
 = 

2

A

x −
 + 

1

B

x +
 + 

5

C

x +
 = 

( )( ) ( )( ) ( )( )

( )( )( )

1 5 2 5 2 1

2 1 5

A x x B x x C x x

x x x

+ + + − + + − +

− + +
 = 

( ) ( )

( )( )( )

2 6 3 5 10 2

2 1 5

A B C x A B C x A B C

x x x

+ + + + − + − −

− + +
. 

This implies that 20x + 2 = ( ) ( )2 6 3 5 10 2A B C x A B C x A B C+ + + + − + − − . 

0

6 3 20

5 10 2 2

A B C

A B C

A B C

+ + =


+ − =
 − − =

   

2

3

2

7

2

A

B

C


 =



=



= −

. 

Therefore, 
( )( )( )

20 2

2 1 5

x

x x x

+

− + +
 = 

2

2x −
 + 

3

2

1x +
 + 

7

2

5x

−

+
. 

7. 
2

3

6 4 2x x

x x

− +

+
 = 

( )

2

2

6 4 2

1

x x

x x

− +

+
 = 

A

x
 + 

2 1

Bx C

x

+

+
 = 

( )

( )

2

2

( 1)

1

A x Bx C x

x x

+ + +

+
 = 

( )

( )

2

2 1

A B x Cx A

x x

+ + +

+
. 

This implies that 
26 4 2x x− +  = ( ) 2A B x Cx A+ + + . 

6

4

2

A B

C

A

+ =


= −
 =

   

2

4

4

A

B

C

=


=
 = −

. 
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Therefore, 
2

3

6 4 2x x

x x

− +

+
 = 

2

x
 + 

2

4 4

1

x

x

−

+
. 

8. 
( )( )

2

2

4 1

1 2

x x

x x x

− −

− + +
 = 

1

A

x −
 + 

2 2

Bx C

x x

+

+ +
 = 

( ) ( )( )

( )( )

2

2

2 1

1 2

A x x Bx C x

x x x

+ + + + −

− + +
 = 

( )

( )( )

2

2

( ) 2

1 2

A B x A B C x A C

x x x

+ + − + + −

− + +
. 

This implies that 2 4 1x x− −  = ( ) 2 ( ) 2A B x A B C x A C+ + − + + − . 

1

4

2 1

A B

A B C

A C

+ =


− + = −
 − = −

   

1

2

1

A

B

C

= −


=
 = −

. 

Therefore, 
( )( )

2

2

4 1

1 2

x x

x x x

− −

− + +
 = 

1

1x

−

−
 + 

2

2 1

2

x

x x

−

+ +
. 

9. 
( )( )

2

2

2 4

2 4

x x

x x

−

+ +
 = 

2

A

x +
 + 

2 4

Bx C

x

+

+
 = 

( )( )

2

2

( 4) ( )( 2)

2 4

A x Bx C x

x x

+ + + +

+ +
 = 

( )( )

2

2

( ) (2 ) 4 2

2 4

A B x B C x A C

x x

+ + + + +

+ +
. 

This implies that 22 4x x−  = 2( ) (2 ) 4 2A B x B C x A C+ + + + + . 

2

2 4

4 2 0

A B

B C

A C

+ =


+ = −
 + =

   

2

0

4

A

B

C

=


=
 = −

. 

Therefore, 
( )( )

2

2

4 1

1 2

x x

x x x

− −

− + +
 = 

2

2x +
 + 

2

4

4x

−

+
. 

10. 
( )( )2

4

1 1x x x− +
 = 

A

x
 + 

1

B

x −
 + 

2 1

Cx D

x

+

+
 = 

( )( )

2 2

2

( 1)( 1) ( 1) ( )( 1)

1 1

A x x Bx x Cx D x x

x x x

− + + + + + −

− +
 =  

( )

( )( )

3 2

2

( ) ( )

1 1

A B C x A D C x A B D x A

x x x

+ + + − + − + + − −

− +
. 

This implies that 4 = ( ) 3 2( ) ( )A B C x A D C x A B D x A+ + + − + − + + − − . 

0

0

0

4

A B C

A D C

A B D

A


 + + =

− + − =
 + − =

− =

   

4

2

2

0

A

B

C

D


 = −


=
 =


=

. 
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Therefore, 
( )( )2

4

1 1x x x− +
 = 

4

x

−
 + 

2

1x −
 + 

2

2

1

x

x +
. 

11. 
3 2

2 1x

x x

+

−
 = 

2

2 1

( 1)

x

x x

+

−
 = 

A

x
 + 

2

B

x
 + 

1

C

x −
 = 

3

2

( 1) ( 1)

( 1)

Ax x B x Cx

x x

− + − +

−
. 

This implies that 2x + 1 = 3( 1) ( 1)Ax x B x Cx− + − + . 

The last equation is true for all x , even for x = 0 or x = 1. 

Substitution x = 0 in 2x + 1 = 3( 1) ( 1)Ax x B x Cx− + − +  yields B = –1. 

Substitution x = 1 in 2x + 1 = 3( 1) ( 1)Ax x B x Cx− + − +  yields C = 3. 

Then 2x + 1 = 3( 1) ( 1) 3Ax x x x− − − + . 

Substitution x = 2 in 2x + 1 = 3( 1) ( 1) 3Ax x x x− − − +  yields A = –9. 

Therefore, 
3 2

2 1x

x x

+

−
 = 

9

x

−
 + 

2

1

x

−
 + 

3

1x −
. 

12. 

( )
2

2

2 12

2

x

x x

+

−
 = 

( )
22

2 12

2

x

x x

+

−
 = 

A

x
 + 

2

B

x
 + 

2

C

x −
 + 

( )
2

2

D

x −
 = 

( )

2 2 2 2

22

( 2) ( 2) ( 2)

2

Ax x B x Cx x Dx

x x

− + − + − +

−
. 

This implies that 2x + 12 = 2 2 2 2( 2) ( 2) ( 2)Ax x B x Cx x Dx− + − + − + . 

The last equation is true for all x , even for x = 0 or x = 2. 

Substitution x = 0 in 2x + 12 = 2 2 2 2( 2) ( 2) ( 2)Ax x B x Cx x Dx− + − + − +  yields B = 3. 

Substitution x = 2 in 2x + 12 = 2 2 2 2( 2) ( 2) ( 2)Ax x B x Cx x Dx− + − + − +  yields D = 4. 

Then 2x + 1 = 2 2 2 2( 2) 3( 2) ( 2) 4Ax x x Cx x x− + − + − + . 

Substitution x = 1 in 2x + 12 = 2 2 2 2( 2) 3( 2) ( 2) 4Ax x x Cx x x− + − + − +  yields A – C = 7. 

Substitution x = 3 in 2x + 12 = 2 2 2 2( 2) 3( 2) ( 2) 4Ax x x Cx x x− + − + − +  yields 3A + 9C = –7. 

The solution of two equations in A and C is A = 
14

3
 and C = 

7

3

−
. 

Therefore, 

( )
2

2

2 12

2

x

x x

+

−
 = 

14

3

x
 + 

2

3

x
 + 

7

3

2x

−

−
 + 

( )
2

4

2x −
. 

13. 
( )( )

2

36

1 1x x x− +
 = 

A

x
 + 

1

B

x −
 + 

1

C

x +
 + 

( )
2

1

D

x +
 = 

( )( )

2 2 2

2

( 1)( 1) ( 1) ( 1) ( 1)

1 1

A x x Bx x Cx x Dx x

x x x

− + + + + − + −

− +
. 
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This implies that 36 = 2 2 2( 1)( 1) ( 1) ( 1) ( 1)A x x Bx x Cx x Dx x− + + + + − + − . 

The last equation is true for all x , even for x = 0, x = –1 or x = 1. 

Substitution x = 0 in 36 = 2 2 2( 1)( 1) ( 1) ( 1) ( 1)A x x Bx x Cx x Dx x− + + + + − + −  yields A = –36. 

Substitution x = –1 in 36 = 2 2 2( 1)( 1) ( 1) ( 1) ( 1)A x x Bx x Cx x Dx x− + + + + − + −  yields D = 18. 

Substitution x = 1 in 36 = 2 2 2( 1)( 1) ( 1) ( 1) ( 1)A x x Bx x Cx x Dx x− + + + + − + −  yields B = 9. 

Then 36 = 2 2 236( 1)( 1) 9 ( 1) ( 1) 18 ( 1)x x x x Cx x x x− − + + + + − + − . 

Substitution x = –2 in 36 = 2 2 236( 1)( 1) 9 ( 1) ( 1) 18 ( 1)x x x x Cx x x x− − + + + + − + −  yields C = –9. 

Therefore, 
( )( )

2

36

1 1x x x− +
 = 

36

x

−
 + 

9

1x −
 + 

9

1x

−

+
 + 

( )
2

18

1x +
. 

14. 

( )
2

2

8

x x−
 = 

( )
22

8

1x x −
 = 

A

x
 + 

2

B

x
 + 

1

C

x −
 + 

( )
2

1

D

x −
 = 

( )

2 2 2 2

22

( 1) ( 1) ( 1)

1

Ax x B x Cx x Dx

x x

− + − + − +

−
. 

This implies that 8 = 2 2 2 2( 1) ( 1) ( 1)Ax x B x Cx x Dx− + − + − + . 

The last equation is true for all x , even for x = 0 or x = 1. 

Substitution x = 0 in 8 = 2 2 2 2( 1) ( 1) ( 1)Ax x B x Cx x Dx− + − + − +  yields B = 8. 

Substitution x = 1 in 8 = 2 2 2 2( 1) ( 1) ( 1)Ax x B x Cx x Dx− + − + − +  yields D = 8. 

Then 8 = 2 2 2 2( 1) 8( 1) ( 1) 8Ax x x Cx x x− + − + − + . 

Substitution x = 2 in 8 = 2 2 2 2( 1) 8( 1) ( 1) 8Ax x x Cx x x− + − + − +  yields A + 2C = –16. 

Substitution x = –1 in 8 = 2 2 2 2( 1) 8( 1) ( 1) 8Ax x x Cx x x− + − + − +  yields 2A + C = 16. 

The solution of two equations in A and C is A = 16 and C = –16. 

Therefore, 

( )
2

2

8

x x−
 = 

16

x
 + 

2

8

x
 + 

16

1x

−

−
 + 

( )
2

8

1x −
. 

15. 
( )

2

22

2 50

5

x

x x

+

+
 = 

A

x
 + 

2

B

x
 + 

5

C

x +
 + 

( )
2

5

D

x+
 = 

( )

2 2 2 2

22

( 5) ( 5) ( 5)

5

Ax x B x Cx x Dx

x x

+ + + + + +

+
. 

This implies that 
22 50x +  = 2 2 2 2( 5) ( 5) ( 5)Ax x B x Cx x Dx+ + + + + + . 

The last equation is true for all x , even for x = 0 or x = –5. 

Substitution x = 0 in 
22 50x +  = 2 2 2 2( 5) ( 5) ( 5)Ax x B x Cx x Dx+ + + + + +  yields B = 2. 

Substitution x = –5 in 
22 50x +  = 2 2 2 2( 5) ( 5) ( 5)Ax x B x Cx x Dx+ + + + + +  yields D = 4. 

Then 
22 50x +  = 2 2 2 2( 5) 2( 5) ( 5) 4Ax x x Cx x x+ + + + + + . 
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Substitution x = 1 in 22 50x +  = 2 2 2 2( 5) 2( 5) ( 5) 4Ax x x Cx x x+ + + + + +  yields 6A + C = –4. 

Substitution x = –1 in 22 50x +  = 2 2 2 2( 5) 2( 5) ( 5) 4Ax x x Cx x x+ + + + + +  yields –4A + C = 4. 

The solution of two equations in A and C is A = 
4

5

−
 and C = 

4

5
. 

Therefore, 
( )

2

22

2 50

5

x

x x

+

+
 = 

4

5

x

−

 + 
2

2

x
 + 

4

5

5x +
 + 

( )
2

4

5x+
. 

16. 
( ) ( )

2 2

4 12

1 1

x

x x

+

− +
 = 

1

A

x +
 + 

( )
2

1

B

x +
 + 

1

C

x −
 + 

( )
2

1

D

x −
 = 

( ) ( ) ( ) ( )( ) ( )

( ) ( )

2 2 2 2

2 2

1 1 1 1 1 1

1 1

A x x B x C x x D x

x x

− + + − + − + + +

− +
. 

This implies that 4x + 12 = ( ) ( ) ( ) ( )( ) ( )
2 2 2 2

1 1 1 1 1 1A x x B x C x x D x− + + − + − + + + . 

The last equation is true for all x , even for x = 1 or x = –1. 

Substitution x = 1 in 4x + 12 = ( ) ( ) ( ) ( )( ) ( )
2 2 2 2

1 1 1 1 1 1A x x B x C x x D x− + + − + − + + +  yields 

D = 4. 

Substitution x = –1 in 4x + 12 = ( ) ( ) ( ) ( )( ) ( )
2 2 2 2

1 1 1 1 1 1A x x B x C x x D x− + + − + − + + +  yields 

B = 2. 

Then 4x + 12 = ( ) ( ) ( ) ( )( ) ( )
2 2 2 2

1 1 2 1 1 1 4 1A x x x C x x x− + + − + − + + + . 

Substitution x = 0 in 4x + 12 = ( ) ( ) ( ) ( )( ) ( )
2 2 2 2

1 1 2 1 1 1 4 1A x x x C x x x− + + − + − + + +  yields A 

– C = 6. 

Substitution x = 2 in 4x + 12 = ( ) ( ) ( ) ( )( ) ( )
2 2 2 2

1 1 2 1 1 1 4 1A x x x C x x x− + + − + − + + +  yields A 

+ 3C = –6. 

The solution of two equations in A and C is A = 
19

3
 and C = 

1

3
. 

Therefore, 
( ) ( )

2 2

4 12

1 1

x

x x

+

− +
 =

19

3

1x +
 + 

( )
2

2

1x +
 + 

1

3

1x −
 + 

( )
2

4

1x −
. 

17. 
( )( )2 2

5

4 1x x+ +
 = 

2 4

Ax B

x

+

+
 + 

2 1

Cx D

x

+

+
 = 

( ) ( ) ( )( )
( )( )

2 2

2 2

4 1

4 1

Ax B x Cx D x

x x

+ + + + +

+ +
 = 

( ) ( ) ( )

( )( )

3 2

2 2

4 4

4 1

A C x B D x A C x B D

x x

+ + + + + + +

+ +
. 
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This implies that 5 = ( ) ( ) ( )3 2 4 4A C x B D x A C x B D+ + + + + + + . 

0

0

4 0

4 5

A C

B D

A C

B D

+ =


+ =


+ =
 + =

   

0

5

3

0

5

3

A

B

C

D

=

 =



=
 −

=


. 

Therefore, 
( )( )2 2

5

4 1x x+ +
 = 

2

5

3

4x +
 + 

2

5

3

1x

−

+
. 

18. 
4 2

1

x x+
 = 

( )2 2

1

1x x +
 = 

A

x
 + 

2

B

x
 + 

2 1

Cx D

x

+

+
 = 

( ) ( )
( )

2 2 2

2 2

1 1 ( )

1

Ax x B x Cx D x

x x

+ + + + +

+
 = 

( ) ( )

( )

3 2

2 2 1

A C x B D x Ax B

x x

+ + + + +

+
. 

This implies that 5 = ( ) ( )3 2A C x B D x Ax B+ + + + + . 

0

0

0

1

A C

B D

A

B

+ =


+ =


=
 =

   

0

1

0

1

A

B

C

D

=


=


=
 = −

. 

Therefore, 
4 2

1

x x+
 = 

2

1

x
 + 

2

1

1x

−

+
. 

19. 
( ) ( )

3

8 9

1 2

x

x x

+

+ +
 = 

1

A

x +
 + 

( )
2

1

B

x +
 + 

( )
3

1

C

x +
 + 

2

D

x +
 = 

( ) ( ) ( )( ) ( ) ( )

( ) ( )

2 3

3

1 2 1 2 2 1

1 2

A x x B x x C x D x

x x

+ + + + + + + + +

+ +
. 

This implies that 8x + 9 = ( ) ( ) ( )( ) ( ) ( )
2 3

1 2 1 2 2 1A x x B x x C x D x+ + + + + + + + + . 

The last equation is true for all x , even for x = –2 or x = –1. 

Substitution x = –2 in 8x + 9 = ( ) ( ) ( )( ) ( ) ( )
2 3

1 2 1 2 2 1A x x B x x C x D x+ + + + + + + + +  yields D 

= 7. 

Substitution x = –1 in 8x + 9 = ( ) ( ) ( )( ) ( ) ( )
2 3

1 2 1 2 2 1A x x B x x C x D x+ + + + + + + + +  yields C 

= 1. 

Then 8x + 9 = ( ) ( ) ( )( ) ( ) ( )
2 3

1 2 1 2 2 7 1A x x B x x x x+ + + + + + + + + . 



44 

 

Substitution x = 0 in 8x + 9 = ( ) ( ) ( )( ) ( ) ( )
2 3

1 2 1 2 2 7 1A x x B x x x x+ + + + + + + + +  yields A + B 

= 0. 

Substitution x = 1 in 8x + 9 = ( ) ( ) ( )( ) ( ) ( )
2 3

1 2 1 2 2 7 1A x x B x x x x+ + + + + + + + +  yields 2A + 

B = –7. 

The solution of two equations in A and B is A = –7 and B = 7. 

Therefore, 
( ) ( )

3

8 9

1 2

x

x x

+

+ +
 = 

7

1x

−

+
 + 

( )
2

7

1x +
 + 

( )
3

1

1x +
 + 

7

2x +
. 

20. 
( )( )

3 24 2

1 1

x x x

x x

+ + +

+ −
 = (x + 4) + 

( )( )
2 7

1 1

x

x x

+

+ −
 = (x + 4) + 

1

A

x +
 + 

1

B

x −
 = (x + 4) + 

( )( )
( 1) ( 1)

1 1

A x B x

x x

− + +

+ −
 = (x + 4) + 

( )( )
( )

1 1

A B x A B

x x

+ − +

+ −
. 

This implies that 2x + 7 = ( )A B x A B+ − + . 

2

7

A B

A B

+ =

− + =

   

1

2

9

2

A

B


= −


 =


. 

Therefore, 
( )( )

3 24 2

1 1

x x x

x x

+ + +

+ −
 = (x + 4) + 

1

2

1x

−

+
 + 

9

2

1x −
. 

21. 
( )

22 11 10

5

x x

x x

+ −

−
 = 2 + 

( )
21 10

5

x

x x

−

−
 = 2 + 

A

x
 + 

5

B

x −
 = 2 + 

( )
( 5)

5

A x Bx

x x

− +

−
. 

This implies that 21x – 10 = ( 5)A x Bx− + . 

11

5 10

A B

A

+ =

− =

   
2

13

A

B

= −


=
. 

Therefore, 
( )

22 11 10

5

x x

x x

+ −

−
 = 2 + 

2

x

−
 + 

13

5x −
. 

22. 
( )

4

2

x

x x

−

+
 = 

A

x
 + 

2

B

x +
 = 

( )
( ) 2

2

A B x A

x x

+ +

+
. 

This implies that x – 4 = (A + B)x + 2A. 

1

2 4

A B

A

+ =


= −
   

2

3

A

B

= −


=
. 

Therefore, 
( )

4

2

x

x x

−

+
 = 

2

x

−
 + 

3

2x +
. 
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( )
4

2

x
dx

x x

−

+





 = 
2 3

2
dx

x x

− 
+ 

+ 





 = –2ln|x| + 3ln|x + 2| + C = 

3

2

2
ln

x

x

+
 + C. 

23. 
2

12 6

6

x

x x

−

+ −
 = 

( )( )
12 6

3 2

x

x x

−

+ −
 = 

3

A

x +
 + 

2

B

x −
 = 

( )( )
( ) 2 3

3 2

A B x A B

x x

+ − +

+ −
. 

This implies that 12x – 6 = (A + B)x – 2A + 3B. 

12

2 3 6

A B

A B

+ =

− + = −

   

42

5

18

5

A

B


=


 =


. 

Therefore, 
2

12 6

6

x

x x

−

+ −
 = 

42

5

3x +
 + 

18

5

2x −
. 

2

12 6

6

x
dx

x x

−

+ −





 = 
6 7 3

5 3 2
dx

x x

 
+ 

+ − 





 = ( )
6

7ln | 3 | 3ln | 2 |
5

x x C+ + − +  = 

( )7 36
ln | 3 | | 2 |

5
x x C+  − + . 

24. 
2

3 2

3

2

x

x x x

+

+ −
 = 

2 3

( 2)( 1)

x

x x x

+

+ −
 = 

A

x
 + 

2

B

x +
 + 

1

Ñ

x −
 = 

2( ) ( 2 ) 2

( 2)( 1)

A B C x A B C x A

x x x

+ + + − + −

+ −
. 

This implies that 2 3x +  = 2( ) ( 2 ) 2A B C x A B C x A+ + + − + − . 

1

2 0

2 3

A B C

A B C

A

+ + =


− + =
 − =

   

3

2

17

6

2

3

A

B

C


= −




= −



= −


. 

Therefore, 
2

3 2

3

2

x

x x x

+

+ −
 = 

3

2

x

−
 + 

17

6

2x

−

+
 + 

2

3

1x

−

−
. 

2

3 2

3

2

x
dx

x x x

+

+ −





 = 
3 1 17 1 2 1

2 6 2 3 1
dx

x x x

 
−  −  −  

+ − 





 = 

3 17 2
ln | | ln | 2 | ln | 1|

2 6 3
x x x C− − + − − + . 

25. 
3 2

100

2x x x− −
 = 

( )( )
100

2 1x x x− +
 = 

A

x
 + 

2

B

x −
 + 

1

Ñ

x +
 = 

2( ) ( 2 ) 2

( 2)( 1)

A B C x A B C x A

x x x

+ + + − + − −

− +
. 

This implies that 100 = 2( ) ( 2 ) 2A B C x A B C x A+ + + − + − − . 
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0

2 0

2 100

A B C

A B C

A

+ + =

− + − =
 − =

   

50

50

3

100

3

A

B

C


 = −



=



=

. 

Therefore, 
3 2

100

2x x x− −
 = 

50

x

−
 + 

50

3

2x −
 + 

100

3

1x +
. 

3 2

100

2
dx

x x x− −





 = 
50 3 1 2

3 2 1
dx

x x x

− 
+ + 

− + 





 = ( )
50

3ln | | ln | 2 | 2ln | 1|
3

x x x C− + − + + +  = 

( )2 350
ln | 2 | | 1| | |

3
x x x C−−  +  + . 

26. 
3 2

2

2x x x− +
 = 

( )
2

2

1x x −
 = 

A

x
 + 

1

B

x −
 + 

( )
2

1

C

x −
 = 

( ) ( )

( )

2

2

2

1

A B x A B C x A

x x

+ + − + + +

−
 

This implies that 2 = ( ) ( )2 2A B x A B C x A+ + − + + + . 

0

2 0

2

A B

A B C

A

+ =

− + + =
 =

   

2

2

6

A

B

C

=


= −
 =

. 

Therefore, 
3 2

2

2x x x− +
 = 

2

x
 + 

2

1x

−

−
 + 

( )
2

6

1x −
. 

3 2

2

2
dx

x x x− +





 = 
( )

2

2 2 6

1 1
dx

x x x

 −
+ + 

 − − 






 = 2ln|x| – 2ln|x –1| + 
6

1x

−

−
 + C = 

( )

2

2
ln

1

x

x −
| + 

6

1x

−

−
 + C. 

27. 
( )( )

2

4

1 1

x

x x− +
 = 

1

A

x −
 + 

1

B

x +
 + 

( )
2

1

C

x +
 = 

( ) ( )

( )( )

2

2

2

1 1

A B C x A C x A B C

x x

+ + + + + − −

− +
 

This implies that 4x = ( ) ( )2 2A B C x A C x A B C+ + + + + − − . 

0

2 4

0

A B

A C

A B C

+ =


+ =
 − − =

   

1

1

3

A

B

C

=


= −
 = −

. 

Therefore, 
( )( )

2

4

1 1

x

x x− +
 = 

1

1x −
 + 

1

1x

−

+
 + 

( )
2

3

1x

−

+
. 

( )( )
2

4

1 1

x
dx

x x− +





 = 
( )

2

1 1 3

1 1 1
dx

x x x

 − −
+ + 

 − + + 






 = 
3

ln | 1| ln | 1|
1

x x C
x

− − + + +
+

 = 

| 1| 3
ln

| 1| 1

x
C

x x

−
+ +

+ +
. 
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28. 
( )

22

2

1x x −
 = 

A

x
 + 

2

B

x
+ 

1

C

x −
 + 

( )
2

1

D

x −
 = 

( ) ( ) ( )

( )

2 2 2 2

22

1 1 1

1

Ax x B x Cx x Dx

x x

− + − + − +

−
. 

This implies that 2 = ( ) ( ) ( )
2 2 2 21 1 1Ax x B x Cx x Dx− + − + − + . 

The last equation is true for all x , even for x = 0 or x = 1. 

Substitution x = 0 in 2 = ( ) ( ) ( )
2 2 2 21 1 1Ax x B x Cx x Dx− + − + − +  yields B = 2. 

Substitution x = 1 in 2 = ( ) ( ) ( )
2 2 2 21 1 1Ax x B x Cx x Dx− + − + − +  yields D = 2. 

Then 2 = ( ) ( ) ( )
2 2 2 21 2 1 1 2Ax x x Cx x x− + − + − + . 

Substitution x = 2 in 2 = ( ) ( ) ( )
2 2 2 21 2 1 1 2Ax x x Cx x x− + − + − +  yields A +2C = –4. 

Substitution x = –1 in 2 = ( ) ( ) ( )
2 2 2 21 2 1 1 2Ax x x Cx x x− + − + − +  yields –2A – C = 1. 

The solution of two equations in A and C is A = 
2

3
 and C = 

7

3

−
. 

Therefore, 
( )

22

2

1x x −
 = 

2

3x
 +

2

2

x
+ 

( )
7

3 1x

−

−
 + 

( )
2

2

1x −
. 

( )
22

2

1
dx

x x −





 = 
( ) ( )

22

2 2 7 2

3 3 1 1
dx

x x x x

 −
+ + + 

 − − 






 = 
2 7 2 2

ln | | ln | 1|
3 3 1

x x C
x x

− − − − +
−

 = 

2

7

1 2 2
ln

3 | 1| 1

x
C

x x x
− − +

− −
. 

29. 
2

5 1

2 1

x

x x

+

− +
 = 

2

5 1

( 1)

x

x

+

−
 = 

1

A

x −
 + 

( )
2

1

B

x −
 = 

2

( 1)

( 1)

A x B

x

− +

−
 

This implies that 5x + 1 = ( 1)A x B− + . 

The last equation is true for all x , even for x = 1. 

Substitution x = 1 in 5x + 1 = ( 1)A x B− +  yields B = 6. 

Then 5x + 1 = ( 1) 6A x − + . 

Substitution x = 0 in 5x + 1 = ( 1) 6A x − +  yields A = 5. 

Therefore, 
2

5 1

2 1

x

x x

+

− +
 = 

5

1x −
 + 

( )
2

6

1x −
. 

2

5 1

2 1

x
dx

x x

+

− +





 = 
( )

2

5 6

1 1
dx

x x

 
+ 

 − − 






 = 
6

5ln | 1|
1

x C
x

− − +
−

. 

30. 
( ) ( )

2 2

2 1

2 1

x

x x x

+

+ −
 = 

A

x
 + 

2

B

x +
 + 

( )
2

2

C

x +
 + 

1

D

x −
 + 

( )
2

1

E

x −
 = 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )

( ) ( )

2 2 2 2 2 2

2 2

2 1 2 1 1 2 1 2

2 1

A x x Bx x x Cx x Dx x x Ex x

x x x

+ − + + − + − + + − + +

+ −
. 
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This implies that 2x + 1 = 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

2 1 2 1 1 2 1 2A x x Bx x x Cx x Dx x x Ex x+ − + + − + − + + − + + . 

The last equation is true for all x , even for x = –2, x = 0 or x = 1. 

Substitution x = –2 in 2x + 1 = 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

2 1 2 1 1 2 1 2A x x Bx x x Cx x Dx x x Ex x+ − + + − + − + + − + +  yields C = 
1

6
. 

Substitution x = 0 in 2x + 1 = 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

2 1 2 1 1 2 1 2A x x Bx x x Cx x Dx x x Ex x+ − + + − + − + + − + +  yields A = 

1

4
. 

Substitution x = 1 in 2x + 1 = 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
2 2 2 2 2 2

2 1 2 1 1 2 1 2A x x Bx x x Cx x Dx x x Ex x+ − + + − + − + + − + +  yields E = 
1

3
. 

Then 2x + 1 = 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
2 2 2 2 2 21 1 1

2 1 2 1 1 2 1 2
4 6 3

x x Bx x x x x Dx x x x x+ − + + − + − + + − + + . 

Substitution x = –1 in 2x + 1 = 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
2 2 2 2 2 21 1 1

2 1 2 1 1 2 1 2
4 6 3

x x Bx x x x x Dx x x x x+ − + + − + − + + − + +  yields 4B – 

2D = 
7

3
. 

Substitution x = 2 in 2x + 1 = 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
2 2 2 2 2 21 1 1

2 1 2 1 1 2 1 2
4 6 3

x x Bx x x x x Dx x x x x+ − + + − + − + + − + +  yields 4B + 

4D = 
1

3
. 

The solution of two equations in B and D is B = –1 and D = 
1

3

−
. 

Therefore, 
( ) ( )

2 2

2 1

2 1

x

x x x

+

+ −
 = 

1

4x
 + 

1

2x

−

+
 + 

( )
2

1

6 2x +
 + 

1

3( 1)x −
 + 

( )
2

1

3 1x −
. 

( ) ( )
2 2

2 1

2 1

x
dx

x x x

+

+ −





 = 
( ) ( )

2 2

1 1 1 1 1

4 2 3( 1)6 2 3 1
dx

x x xx x

 −
+ + + + 

 + −+ − 






 =  

( ) ( )
1 1 1 1

ln | | ln | 2 | ln | 1|
4 6 2 3 3 1

x x x C
x x

− + − + − − +
+ −

. 

31. 
2

3

9 10

2

x x

x x

− +

+
 = 

( )

2

2

9 10

2

x x

x x

− +

+
 = 

A

x
 + 

2 2

Bx C

x

+

+
 = 

( )

( )

2

2

2

2

A B x Cx A

x x

+ + +

+
. 
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This implies that 29 10x x− +  = ( ) 2 2A B x Cx A+ + +  

9

1

2 10

A B

C

A

+ =


= −
− =

   

5

14

1

A

B

C

= −


=
 = −

. 

Therefore, 
2

3

9 10

2

x x

x x

− +

+
 = 

5

x

−
 + 

2

14 1

2

x

x

−

+
. 

2

3

9 10

2

x x
dx

x x

− +

+





 = 
2

5 14 1

2

x
dx

x x

− − 
+ 

+ 





 = 
2 2

5 14 1

2 2

x
dx

x x x

− 
+ − 

+ + 





 = 

2 11
5ln | | 7 ln( 2) tan

2 2

x
x x C−− + + − + . 

32. 
( )2

1

1x x +
 = 

A

x
 + 

2 1

Bx C

x

+

+
 = 

( )

2

2

( )

1

A B x Cx A

x x

+ + +

+
. 

This implies that 1 = 2( )A B x Cx A+ + +  

0

0

1

A B

C

A

+ =


=
 =

   

1

1

0

A

B

C

=


= −
 =

. 

Therefore, 
( )2

1

1x x +
 = 

1

x
 + 

2 1

x

x

−

+
. 

3

1
dx

x x+





 = 
2

1

1

x
dx

x x

− 
+ 

+ 





 = 21
ln | | ln | 1|

2
x x C− + + . 

33. 
3 2

4 2

5 5 7 20

4

x x x

x x

+ + +

+
 = 

( )

3 2

2 2

5 5 7 20

4

x x x

x x

+ + +

+
 = 

A

x
 + 

2

B

x
+ 

2 4

Cx D

x

+

+
 = 

( )

3 2

2 2

( ) ( ) 4 4

4

A C x B D x Ax B

x x

+ + + + +

+
. 

This implies that 
3 25 5 7 20x x x+ + +  = 3 2( ) ( ) 4 4A C x B D x Ax B+ + + + +  

5

5

4 7

4 20

A C

B D

A

B

+ =


+ =


=
 =

   

7

4

5

13

4

0

A

B

C

D


=


=


 =

 =

. 

Therefore, 
3 2

4 2

5 5 7 20

4

x x x

x x

+ + +

+
 = 

7

4x
 + 

2

5

x
+ 

2

13

4( 4)

x

x +
. 

3 2

4 2

5 5 7 20

4

x x x
dx

x x

+ + +

+





 = 
2 2

7 5 13

4 4( 4)

x
dx

x x x

 
+ + 

+ 





 = 27 5 13
ln | | ln( 4)

4 8
x x C

x
− + + + . 

34. 
( )

22 11 10

5

x x

x x

+ −

−
 = 2 + 

( )
21 10

5

x

x x

−

−
 = 2 + 

A

x
 + 

5

B

x −
 = 2 + 

( )
( ) 5

5

A B x A

x x

+ −

−
. 
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This implies that 21x – 10 = ( ) 5A B x A+ − . 

21

5 10

A B

A

+ =

− =

   
2

23

A

B

= −


=
. 

Therefore, 
( )

22 11 10

5

x x

x x

+ −

−
 = 2 + 

2

x

−
 + 

23

5x −
. 

( )

22 11 10

5

x x
dx

x x

+ −

−





 = 
2 23

2
5

dx
x x

− 
+ + 

− 





 = 2 2ln | | 23ln | 5 |x x x C− + − + . 

35. 
2

2

4

4

x

x

+

−
 = 1 + 

8

( 2)( 2)x x− +
 = 1 + 

2

A

x −
 + 

2

B

x +
 = 1 + 

( ) 2 2

( 2)( 2)

A B x A B

x x

+ − +

− +
. 

This implies that 8 = ( ) 2 2A B x A B+ − + . 

0

2 2 8

A B

A B

+ =

− + =

   
2

2

A

B

= −


=
. 

Therefore, 
2

2

4

4

x

x

+

−
 = 1 + 

2

2x

−

−
 + 

2

2x +
. 

2

2

4

4

x
dx

x

+

−





 = 
2 2

1
2 2

dx
x x

− 
+ + 

− + 





 = 2ln | 2 | 2ln | 2 |x x x C− − + + +  = 
2

2

( 2)
ln

( 2)

x
x C

x

+
+ +

−
. 

36. 
4

1

16x −
 = 

2

1

( 2)( 2)( 4)x x x− + +
 = 

2

A

x −
 + 

2

B

x +
 + 

2 4

Cx D

x

+

+
 = 

2 2 2

2

( 2)( 4) ( 2)( 4) ( )( 4)

( 2)( 2)( 4)

A x x B x x Cx D x

x x x

+ + + − + + + −

− + +
. 

This implies that 1 = 2 2 2( 2)( 4) ( 2)( 4) ( )( 4)A x x B x x Cx D x+ + + − + + + − . 

The last equation is true for all x , even for x = –2 or x = 2. 

Substitution x = –2 in 1 = 2 2 2( 2)( 4) ( 2)( 4) ( )( 4)A x x B x x Cx D x+ + + − + + + −  yields B = 
1

32

−
. 

Substitution x = 2 in 1 = 2 2 2( 2)( 4) ( 2)( 4) ( )( 4)A x x B x x Cx D x+ + + − + + + −  yields A = 
1

32
. 

Then 1 = 2 2 21 1
( 2)( 4) ( 2)( 4) ( )( 4)

32 32
x x x x Cx D x+ + − − + + + − . 

Substitution x = 0 in 1 = 2 2 21 1
( 2)( 4) ( 2)( 4) ( )( 4)

32 32
x x x x Cx D x+ + − − + + + −  yields D = 

1

8
. 

Substitution x = –1 in 1 = 2 2 21 1
( 2)( 4) ( 2)( 4) ( )( 4)

32 32
x x x x Cx D x+ + − − + + + −  yields C = 

1

4
. 

Therefore, 
4

1

16x −
 = 

1

32( 2)x −
 + 

1

32( 2)x

−

+
 + 

2

1 1

4 8

4

x

x

+

+
. 
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4

1

16
dx

x −





 = 
2

1 1 2 1

32( 2) 32( 2) 8( 4)

x
dx

x x x

 − +
+ + 

− + + 





 = 

2 11 1 1 1
ln | 2 | ln | 2 | ln( 4) tan

32 32 8 16 2

x
x x x C−− − + + + + +  = 

2 4
11 | 2 | ( 4) 1

ln tan
32 | 2 | 16 2

x x x
C

x

−− +
+ +

+
. 

37. 
( )( )

3 24 2

1 1

x x x

x x

+ + +

+ −
 = x + 4 + 

( )( )
2 6

1 1

x

x x

+

+ −
 = x + 4 + 

1

A

x +
 + 

1

B

x −
 = x + 4 + 

( )( )
( )

1 1

A B x A B

x x

+ − +

+ −
 

This implies that 2x + 6 = ( )A B x A B+ − + . 

2

6

A B

A B

+ =

− + =

   
2

4

A

B

= −


=
. 

Therefore, 
( )( )

3 24 2

1 1

x x x

x x

+ + +

+ −
 = x + 4 + 

2

1x

−

+
 + 

4

1x −
. 

( )( )

3 24 2

1 1

x x x
dx

x x

+ + +

+ −





 = 
2 4

4
1 1

x dx
x x

 
+ − + 

+ − 





 = 
2

4 2ln | 1| 4 ln | 1|
2

x
x x x C+ − + + − +  = 

2 4

2

( 1)
4 ln

2 ( 1)

x x
x C

x

−
+ + +

+
. 

38. Let θ = xe  then 
2 1

x

x

e
dx

e −





 = 
2

1

1
d

 −





. 

2

1

1 −
 = 

( )( )
1

1 1− +
 = 

1

A

−
 + 

1

B

+
 = 

( )( )
( )

1 1

A B A B+ + −

− +
. 

This implies that 1 = ( )A B A B+ + − . 

0

1

A B

A B

+ =


− =
   

1

2

1

2

A

B


=


 = −


. 

Therefore, 
2

1

1 −
 = 

1

2( 1) −
 – 

1

2( 1) +
. 

2

1

1
d

 −





 = 
1 1

2( 1) 2( 1)
d

 
−  

− + 





 = ( )
1

ln | 1| ln | 1|
2

C− − + +  = 
1 | 1|

ln
2 | 1|

x

x

e
C

e

−
+

+
. 

39. Let θ = x  then 
( )

4

1
dx

x x −





 = 
2

8

1
d

 −





 = 
1 1

8
2( 1) 2( 1)

d
 

−  
− + 





 = 

( )4 ln | 1| ln | 1| C− − + +  = 
| 1 |

4 ln
| 1|

C
−

+
+

 = 
| 1|

4ln
| 1|

x
C

x

−
+

+
. 

40. a) If tan
2

u


=  then θ = 2
1tan u−

. 

sinθ = 1sin(2 tan )u−  = 1 12sin(tan )cos(tan )u u− −  = 
2 2

1
2

1 1

u

u u


+ +
 = 

2

2

1

u

u+
. 
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cosθ = 1cos(2 tan )u−  = 1 – 2 12sin (tan )u−  = 1 – 

2

2
2

1

u

u

 
 

+ 
 = 1 – 

2

2

2

1

u

u+
 = 

2

2

1

1

u

u

−

+
. 

dθ = d(2 1tan u− ) = 
2

2

1

du

u+
. 

b) 
sin

sin cos
d




− 





 = 
2

2 2

2 2

2

21

2 1 1

1 1

u

duu

u u u

u u

+ 
− +

−
+ +







 = 
( )( )2 2

4

2 1 1

u
du

u u u+ − +





 

( )( )2 2

4

2 1 1

u

u u u+ − +
 = 

2 2 1

Au B

u u

+

+ −
 + 

21

Cu D

u

+

+
 = 

( )( )

3 2

2 2

( ) ( 2 ) ( 2 )

2 1 1

A C u B C D u A C D u B D

u u u

+ + + + + − + + −

+ − +
. 

This implies that 4u = 3 2( ) ( 2 ) ( 2 )A C u B C D u A C D u B D+ + + + + − + + − . 

0

2 0

2 4

0

A C

B C D

A C D

B D

+ =


+ + =


− + =
 − =

   

1

1

1

1

A

B

C

D

=


=


= −
 =

. 

Therefore, 
( )( )2 2

4

2 1 1

u

u u u+ − +
 = 

2

1

2 1

u

u u

+

+ −
 + 

2

1

1

u

u

− +

+
. 

( )( )2 2

4

2 1 1

u
du

u u u+ − +





 = 
2 2

1 1

2 1 1

u u
du

u u u

+ − + 
+ 

+ − + 





 = 

2 2 11 1
ln | 2 1| ln( 1) tan

2 2
u u u u C−+ − − + + +  = 

2
1

2

1 | 2 1|
ln tan

2 1

u u
u C

u

−+ −
+ +

+
 = 

2

2

| tan 2 tan 1|
1 2 2ln
2 2

tan 1
2

C

 
+ −


+ +


+

 = 
1

ln | sin cos |
2 2

C


−  + + . 

41. 
4 4

2

(1 )

1

x x

x

−

+
 = 

8 7 6 5 4

2

4 6 4

1

x x x x x

x

− + − +

+
 = 6 5 4 24 5 4 4x x x x− + − +  – 

2

4

1 x+
. 

1
4 4

2

0

(1 )

1

x x
dx

x






−

+
 = 

1

6 5 4 2

2

0

4
4 5 4 4

1
x x x x dx

x






 
− + − + − 

+ 
 = 

1
7 6 3

5 1

0

4 4
4 4 tan

7 6 3

x x x
x x x− 

− + − + − 
 

 = 11 4 4
1 4 4 tan 1

7 6 3

−− + − + −  = 
22

7
−  . 

*42. 
4

1

1 x+
 = 

( )
2

2 2

1

1 2x x+ −

 = 
( )( )2 2

1

1 2 1 2x x x x+ + + −
 = 

21 2

Ax B

x x

+

+ +
 + 

21 2

Cx D

x x

+

+ −
 =  

( )( ) ( )( )
( )( )

2 2

2 2

1 2 1 2

1 2 1 2

Ax B x x Cx D x x

x x x x

+ + − + + + +

+ − + +
. 
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This implies that 1 = ( )( ) ( )( )2 21 2 1 2Ax B x x Cx D x x+ + − + + + + . 

0

2 2 0

2 2 0

1

A C

A B C D

A B C D

B D

+ =

− + + + =


− + + =
 + =

   

1

2 2

1

2

1

2 2

1

2

A

B

C

D


=




=

 = −


 =


. 

Therefore, 
4

1

1 x+
 = 

2

1 1

22 2

1 2

x

x x

+

+ +
 + 

2

1 1

22 2

1 2

x

x x

− +

+ −
. 

4

1

1
dx

x




 +

 = 
2 2

1 2 2

2 2 2 1 2 1

x x
dx

x x x x







 + −
−  + + − + 

 = 
2

2
1 2

2 2 2 1

x

dx
x x








+

+ +
 –+ 

2

1 1

4 2 1

2 2

dx

x









 
+ + 

 

 – 
2

2
1 2

2 2 2 1

x

dx
x x








−

− +
 + 

2

1 1

4 2 1

2 2

dx

x









 
− + 

 

 = 
2

2

1 2 1
ln

4 2 2 1

x x

x x

+ +

− +
 

+ ( )1 11
tan ( 2 1) tan ( 2 1)

2 2
x x− −+ + −  + C. 
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3.  Integration by Parts  

 

1. Let u = x and dv = sin2xdx then du = dx and v = 
cos 2

2

x
− . 

sin 2x x dx  = 
cos 2

2

x x
−  + 

cos 2

2

x
dx




 = 
cos 2

2

x x
−  + 

sin 2

4

x
 + C. 

2. Let u = y and dv = cos3ydy then du = dy and v = 
sin 3

3

y
. 

5 cos3y y dy  = 
5

sin 3
3

y y  – 
5

sin 3
3

y dy  = 
5

sin 3
3

y y  + 
5

cos3
9

y  + C. 

3. Let u = t and dv = te dt  then du = dt and v = te . 
1

0

2 tt e dt  = 1

02 tte  – 

1

0

2 te dt  = 1

02 tte  – 
1

0
2 te  = 2e – 2e + 2 = 2. 

4. Let u = x and dv = 5xe dx  then du = dx and v = 
5

5

xe
. 

54 xxe dx  = 54

5

xxe  – 54

5

xe dx  = 54

5

xxe  – 54

25

xe  + C. 

5. Let u = x and dv = ( )4 4x xe e dx−+  then du = dx and v = 
4 4

4

x xe e−−
. 

( )4 42 x xx e e dx−+  = 
( )4 42

4

x xx e e−−
 – ( )4 41

2

x xe e dx−−  = 
( )4 4

2

x xx e e−−
 – 

4 4

8

x xe e−+
 + C. 

6. Let u = x and dv = ( )3 3x xe e dx−−  then du = dx and v = 
3 3

3

x xe e−+
. 

( )3 38 x xx e e dx−−  = 
3 38 ( )

3

x xx e e−+
 – ( )3 38

3

x xe e dx−+  = 
3 38 ( )

3

x xx e e−+
 – ( )3 38

9

x xe e−−  + C. 

7. Let u = 2xe  and dv = cos4xdx then du = 22 xe dx  and v = 
sin 4

4

x
. 

/ 2

2

0

cos 4xe x dx



  = 

/ 2
2

0

sin 4

4

xe x


 – 

/ 2

2

0

1
sin 4

2

xe x dx



  = 

/ 2
2

0

sin 4

4

xe x


 + 

/ 2
2

0

cos 4

8

xe x


 – 

/ 2

2

0

1
cos 4

4

xe xdx



 . 

Therefore, 

/ 2

2

0

cos 4xe x dx



  = 

/ 2 / 2
2 2

0 0

4 sin 4 cos 4

5 4 8

x xe x e x
  

 +
 
 

 = 
4 1

5 8 8

e 
− 

 



 = 
1

10 10

e
−



. 

8. Let u = 
3xe  and dv = sin5xdx then du = 

33 xe dx  and v = 
cos5

5

x
− . 

3 sin 5xe x dx  = 
3 cos5

5

xe x
−  + 33

cos5
5

xe x dx  = 
3 cos5

5

xe x
−  + 

33 sin 5

25

xe x
 – 

39
sin 5

25

xe x dx . 

Therefore, 3 sin 5xe x dx  = 
3 325 cos5 3 sin 5

34 5 25

x xe x e x
C

 
− + + 
 

 = ( )
3

5cos5 3sin 5
34

xe
x x C− + + . 



55 

 

9. Let u = ln(4x) and dv = dx then du = 
dx

x
 and v = x. 

( )ln 4x dx  = xln(4x) – dx  = xln(4x) – x + C. 

10. Let u = x and dv = 2 x dx−  then du = dx and v = 2 ln 2x−− . 
1

0

2 xx dx−

  = 
1

0
2 ln 2x x−−   + 

1

0

2 ln 2x dx−

  = 
1

0
2 ln 2x x−−   – 

1

0
2 x−  = 

ln 2

2
−  + 

1

2
. 

11. Let u = 
4log x  and dv = dx then du = 

ln 4

dx

x
 and v = x. 

4log x dx  = 
4logx x  – 

ln 4

x
dx

x





 = 
4logx x  – 

ln 4

x
 + C. 

12. Let u = ln(2x) and dv = xdx then du = 
dx

x
 and v = 

2

2

x
. 

( )
/ 2

1

ln 2

e

x x dx  = 

/ 2
2

1

ln(2 )
2

e

x
x  – 

/ 2

1
2

e

x
dx




 = 

/ 2
2

1

ln(2 )
2

e

x
x  – 

/ 2
2

1
4

e

x
 = 

2

8

e
 – 

ln 2

2
 – 

2

16

e
 + 

1

4
 = 

2

16

e
 

– 
ln 2

2
 + 

1

4
. 

13. Let u = ln(4x) and dv = 2x dx then du = 
dx

x
 and v = 

3

3

x
. 

( )2 ln 4x x dx  = 
3

ln(4 )
3

x
x  – 

2

3

x
dx





 = 
3

ln(4 )
3

x
x  – 

3

9

x
 + C. 

14. Let u = ( )1sin 2x−
 and dv = dx then du = 

2

2

1 4

dx

x−
 and v = x. 

( )1sin 2x dx−

  = ( )1sin 2x x−
 – 

2

2

1 4

xdx
dx

x−





 = ( )1sin 2x x−
 + 

21 4x−  + C. 

15. Let u = ( )1tan 4y−
 and dv = dy then du = 

2

4

1 16

dy

y+
 and v = y. 

( )1tan 4y dy−

  = ( )1tan 4y y−
 – 

2

4

1 16

ydy
dy

y+





 = ( )1tan 4y y−
 – 21

ln(1 16 )
8

y+  + C. 

16. Let u = 2r  and dv = cosrdr then du = 2rdr  and v = sinr. 
/ 2

2

0

cosr r dr



  = 
/ 2

2

0
sinr r



 – 

/ 2

0

2 sinr r dr



  = 
/ 2

2

0
sinr r



 + 
/ 2

0
2 cosr r


 – 

/ 2

0

2 cos r dr



  = 

/ 2
2

0
sinr r



 + 
/ 2

0
2 cosr r


 – 

/ 2

0
sin r


 = π. 

17. Let u = sec x  and dv = 2sec x dx  then du = 
2sin secx xdx  and v = tan x. 

3sec x dx  = tan x sec x – 2 3sin secx x dx  = tan x sec x – ( )3sec secx x dx−  = tan x sec x – 

3sec x dx  + ln|sec x + tan x| + C. 

Therefore, 3sec x dx  = 
1

2
tan x sec x + 

1

2
ln|sec x + tan x| + C. 

18. Let u = 1sec x−  and dv = xdx then du = 
2

2

sec

1

x
dx

x

−

−
 and v = 

2

2

x
. 
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1secx x dx−

  = 
2

1sec
2

x
x−

 – 
2 2

2

sec

2 1

x x
dx

x

−

−





 = 
2

1sec
2

x
x−

 + 
2

2 2

2

1 sec
1 sec

2 1

x
x x dx

x

−
−

 
− − 

− 





 

= 
2

1sec
2

x
x−  – 1 2 21 1

sec 1 sec
2 2

x x x dx− −+ − . 

Let u = 21 x−  and dv = 
2

2

sec

1

x
dx

x

−

−
 then du = –2x and v = 1sec x−− . 

2 21
1 sec

2
x x dx−−  = 

( )2

1
1

sec
2

x
x−

−
−  – 1secx x dx−

  + C. 

Therefore, 1secx x dx−

  = 
2

1sec
4

x
x−  – 11

sec
4

x−  – 
( )2

1
1

sec
4

x
x−

−
 + C. 

19. Let u = 1 2sin x−  and dv = xdx then du = 
4

2

1

x
dx

x−
 and v = 

2

2

x
. 

1 2sinx x dx−

  = 
2

1 2sin
2

x
x−  – 

3

41

x
dx

x−





 = 
2

1 2sin
2

x
x−  – 41

1
2

x−  + C. 

20. Let u = 2 1x +  and dv = cosxdx then du = 2xdx  and v = sinx. 

( )2 1 cosx x dx+  = ( )2 1 sinx x+  – 2 sinx x dx  = ( )2 1 sinx x+  + 2 cosx x  – 2 cos x dx  = 

( )2 1 sinx x+  + 2 cosx x  – 2sinx + C = ( )2 1 sinx x−  + 2 cosx x  + C. 

21. Let u = 2 2x x+ +  and dv = xe dx then du = ( )2 1x dx+  and v = xe . 

( )2 2 xx x e dx+ +  = ( )2 2 xx x e+ +  – ( )2 1 xx e dx+  = ( )2 2 xx x e+ +  – ( )2 1 xx e+  + 2 xe dx  

= ( )2 2 xx x e+ +  – ( )2 1 xx e+  + 2 xe  + C = ( )2 3 xx x e− +  + C. 

22. Let u = 3x  and dv = sinxdx then du = 23x dx and v = cos x− . 
3 sinx x dx  = 

3 cosx x−  + 23 cosx x dx  = 
3 cosx x−  + 

23 sinx x  – 6 sinx x dx  = 
3 cosx x−  + 

23 sinx x  + 6 cosx x  – 6 cos x dx  = 
3 cosx x−  + 

23 sinx x  + 6 cosx x  – 6sin x  + C. 

23. Let u = 1tan x−  and dv = xdx then du = 
21

dx

x+
 and v = 

2

2

x
. 

1tanx x dx−

  = 
2 1tan

2

x x−

 – 
2

22(1 )

x
dx

x+





 = 
2 1tan

2

x x−

 – 
2

1 1
1

2 1
dx

x

 
− 

+ 





 = 
2 1tan

2

x x−

 – 
2

x
 

+ 
1tan

2

x−

 + C. 

24. Let u = ( )1sin 2x−
 and dv = xdx then du = 

2

2

1 4

dx

x−
 and v = 

2

2

x
. 

( )1sin 2x x dx−

  = 
( )2 1sin 2

2

x x−

 – 
2

21 4

x
dx

x−





 = 
( )2 1sin 2

2

x x−

 + 

2

2

1 1
1 4

4 1 4
x dx

x

 
− − 

− 





 = 
( )2 1sin 2

2

x x−

 + 2 1 11 1
1 4 sin (2 ) sin (2 )

8 16 8

x
x x x C− −− + − +  = 

( )2 1sin 2

2

x x−

 + 2 11
1 4 sin (2 )

8 8

x
x x C−− + + . 

25. The volume of the solid is 
0

sin x dx



  = 
0

cos x


 = 1 + 1 = 2. 
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26. The volume of the solid is 
0

cos x dx



  – cos x dx





  = 
/ 2

0
sin x


 – 

/ 2
sin x




 = 1 + 0 – 0 + 1 = 

2. 

27. The length of the curve is ( )2

0

2x dx






 = 
1

2

0
2x  = 2. 

28. Let u = lnx then x = ue  and dx = ue du . 

sin(ln )x dx  = sin uu e du  and the integral can be evaluated using integration by parts. 

Let w = ue  and dv = sinudu then dw = ue du  and v = cosu− . 

sin uu e du  = cosue u−  + cosue u du  = cosue u−  + sinue u  – sinue u du . 

Therefore, 3 sin 5xe x dx  = ( )
1

cos sin
2

u ue u e u C− + + . 

29. Let u = x  then x = 2u  and dx = 2udu . 

sin x dx  = 2 sinu u du  and the integral can be evaluated using integration by parts. 

Let w = u and dv = sinudu then dw = du and v = cosu− . 

2 sinu u du  = 2 cosu u−  + 2 cosu du  = 2 cosu u−  + 2sinu  + C. 

30. At first, let solve corresponding uniform the differential equation: 

xy + y = 0, 

dy

dx
 = 

y

x
− , 

dy

y
 = 

dx

x
− , 

y = 
( )C x

x
. 

Then y = 
2

( ) ( )C x x C x

x

 −
 and 

2

( ) ( )C x x C x
x

x

 −
 + 

( )C x

x
 = xex. 

Thus C(x) = xex – ex + C and y = 
x xxe e C

x

− +
. 

31. 

a) Let u = 1sinn ax−  and dv = sinaxdx then du = a(n – 1)
2sin cosn ax ax−

 and v = 
cos ax

a
− . 

sinn ax dx  = 
1sin cosn ax ax

a

−

−  + 2 2( 1) sin cosnn ax ax dx−−    

= 
1sin cosn ax ax

a

−

−  + 2 2( 1) sin cos (1 sin )nn ax ax ax dx−− −   

= 
1sin cosn ax ax

a

−

−  + 2( 1) (sin sin )n nn ax ax dx−− − . 

Therefore, sinn ax dx  = 
1sin cosn ax ax

an

−

−  + 21
sinnn

ax dx
n

−−
 . 

b) 6sin 3x dx  = 
5sin 3 cos3

3 6

x x
−


 + 45

sin 3
6

x dx  = 
5sin 3 cos3

18

x x
−  – 

35 sin 3 cos3

6 3 4

x x



 + 

25 3
sin 3

6 4
x dx   = 

5sin 3 cos3

18

x x
−  – 

35sin 3 cos3

72

x x
 + 

5 1 cos6

8 2

x
dx

−



 = 
5sin 3 cos3

18

x x
−  
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– 
35sin 3 cos3

72

x x
 + 

5 1 cos 6

8 2 12

x
x

 
− 

 
 + C = 

5sin 3 cos3

18

x x
−  – 

35sin 3 cos3

72

x x
 + 

5

16
x  –

5cos6

96

x
 + C. 

7sin 4x dx  = 
6sin 4 cos 4

4 7

x x
−


 + 56

sin 4
7

x dx  = 
6sin 4 cos 4

28

x x
−  – 

46 sin 4 cos 4

7 4 5

x x



 + 

36 4
sin 4

7 5
x dx   = 

6sin 4 cos 4

28

x x
−  – 

46sin 4 cos 4

140

x x
 – 

224 sin 4 cos 4

35 4 3

x x



 + 

2 24
sin 4

3 35
x dx   = 

6sin 4 cos 4

28

x x
−  – 

46sin 4 cos 4

140

x x
 – 

212sin 4 cos 4

35

x x
 + 

4cos 4

35

x
 + C. 

32. 

a) Let u = (ln ax)m and dv = xn dx then du = 
( )

1
ln

m
m ax

x

−

 and v = 
1

1

nx

n

+

+
. 

Therefore, ( )ln
mnx ax dx  = (ln ax)m

1

1

nx

n

+

+
 – ( )

1
ln

1

mnm
x ax dx

n

−

+  . 

( )
24 ln3x x dx  = 

( )
25 ln 3

5

x x
 – 42

ln 3
6

x xdx  = 
( )

25 ln 3

5

x x
 – 

5 42 ln 3

6 5 5

x x x
dx

 
− 

 





 = 

( )
25 ln 3

5

x x
 – 

5 52 ln 3 2

30 150

x x x
−  + C. 

33. Let u = 
2

1

cosn ax−
and dv = 

2

1

cos ax
dx then du = 

1

( 2)sin

cosn

a n ax

ax−

− +
−  and v = 

tan ax

a
. 

secn ax dx  = 
2

tan

cosn

ax

a ax−
−  + 

2sin
( 2)

cosn

ax
n dx

ax
− +





 = 
1

sin

cosn

ax

a ax−
−  + ( 2) secnn axdx− +   – 

2( 2) secnn ax dx−− +   + C. 

Therefore, secn ax dx  = 
1

sin

( 1)cosn

ax

a n ax−
−

−
 – 22

sec
1

nn
axdx

n

−−

−   + C. 

3sec 2x dx  = 
2

sin 2

4cos 2

x

x
−  + 

1
sec 2

2
x dx  = 

2

sin 2

4cos 2

x

x
−  + 

1
ln | sec 2 tan 2 |

4
x x+  + C. 

4sec 2x dx  = 
3

sin 2

6cos 2

x

x
−  + 22

sec 2
3

x dx  = 
3

sin 2

6cos 2

x

x
−  + 

1
tan 2

3
x + C. 

34.  

a) Let u = nx and dv = sinaxdx then du = 1nnx −  and v = 
cos ax

a

−
. 

sinnx ax dx  = 
cosnx ax

a

−
 + 1 cosnn

x ax dx
a

−

  = 
cosnx ax

a

−
 + 

1

2

sinnnx ax

a

−

 – 

2

2

( 1)
sinnn n

x ax dx
a

−−
 . 

b) Let u = nx and dv = cosaxdx then du = 
1nnx −
 and v = 

sin ax

a
. 

cosnx ax dx  = 
sinnx ax

a
 – 1 sinnn

x ax dx
a

−

  = 
sinnx ax

a
 + 

1

2

cosnnx ax

a

−

 – 

2

2

( 1)
cosnn n

x ax dx
a

−−
 . 
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c) Let u = 
2

1

sinn ax−
and dv = 

2

1

sin ax
dx then du = 

1

( 2)cos

sinn

a n ax

ax−

− +
 and v = 

cot ax

a

−
. 

cscn ax dx  = 
2

cot

sinn

ax

a ax−

−
 + 

2cos
( 2)

sinn

ax
n dx

ax
− +





 = 
1

cos

sinn

ax

a ax−
−  + ( 2) cscnn axdx− +   – 

2( 2) cscnn axdx−− +   + C. 

Therefore, cscn ax dx  = 
1

cos

( 1)sinn

ax

a n ax−
−

−
 + 22

csc
1

nn
axdx

n

−−

−   + C. 

+ ( 2) secnn axdx− +   – 2( 2) secnn ax dx−− +   + C. 

d) Let u = nx and dv = axb dx then du = 1nnx −  and v = 
ln

axb

a b
. 

n axx b dx  = 
ln

n axx b

a b
 – 1

ln

n axn
x b dx

a b

−

 . 

e) Let u = ( )2 2
n

x a− and dv = dx then du = ( )
2

2 2
n

nx x a
−

−  and v = x. 

( )2 2
n

x a dx−


  

= ( )2 2
n

x x a−  – ( )
2

2 2 2
n

nx x a dx
−

−


  

= ( )2 2
n

x x a−  – ( )( )
2

2 2 2 2
n

n x a x a dx
−

− −


 – ( )
2

2 2 2
n

na x a dx
−

−


  

= ( )2 2
n

x x a−  – ( )2 2
n

n x a dx−


 – ( )
2

2 2 2
n

na x a dx
−

−


. 

Therefore, ( )2 2
n

x a dx−


 = ( )2 21

1

n

x x a
n

−
+

 – ( )
2 2

2 2

1

nna
x a dx

n

−

−
+




. 

f) Let u = 

( )2 2

1
n

x a−

 and dv = dx then du = 

( )2 2
n

nx

x a

−

−

 and v = x. 

( )2 2
n

dx

x a−






 = 

( )2 2
n

x

x a−

 + 

( )

2

2 2
n

x dx
n

x a−






 = 

( )2 2
n

x

x a−

 + 

( )
1

2 2
n

dx
n

x a
−

−






 + 

( )
2

2 2
n

dx
na

x a−






. 

Therefore, 

( )2 2
n

dx

x a−






 = 

( )2 2 2(1 )
n

x

na x a− −

 + 

( )
12

2 21
n

n dx

na
x a

−
−

−






. 
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4.  Numerical Integration 

1. 

i-  

a) a = 0, b = 2, h = 0.5, 
0x  = 0, 

1x  = 0.5, 
2x  = 1, 

3x  = 1.5, 
4x  = 2. 

I ≈ 
4I  = 

0 1 2 3 4[ ( ) 2 ( ) 2 ( ) 2 ( ) ( )]
2

h
f x f x f x f x f x+ + + +   

= 0.25[1 + 2(0.87758) + 2(0.54030) + 2(0.07074) + (–0.41615)] 

= 0.89027. 

b) I = 
2

0

cos x dx  = 
2

0
sin x  = sin2 = 0.90930. 

c) f(x) = cos x, ( )f x  = –sinx, ( )f x  = –cosx. The maximum value M of f   on [0, 2] is 1. 

Using n = 4, h = 0.5 and 
2(2 0)(0.5 )

(1)
12

TE
−

  = 0.04167. 

d) Using n = 4 the relative error is 
0.90930 0.89027

0.90930

−
 = 0.02093 which is less than TE  = 

0.4167. 

e) Using n = 4 the relative error is 0.02093 = 2.093% 

ii- f(x) = 
2

1

x
. 

a) a = 1, b = 3, h = 0.5, 
0x  = 1, 

1x  = 1.5, 
2x  = 2, 

3x  = 2.5, 
4x  = 3. 

I ≈ 4I  = 0 1 2 3 4[ ( ) 2 ( ) 2 ( ) 2 ( ) ( )]
2

h
f x f x f x f x f x+ + + +   

= 0.25[1 + 2(0.44444) + 2(0.25) + 2(0.16) + (0.11111)] 

= 0.70450. 
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b) I = 

3

2

1

1
dx

x





 = 

3

1

1

x

−
 = 

1
1

3

−
+  = 0.66667. 

c) f(x) = 
2

1

x
, ( )f x  = 

3

2

x

−
, ( )f x  = 

4

6

x
. The maximum value M of f   on [1, 3] is 6. 

Using n = 4, h = 0.5 and 
2(3 1)(0.5 )

(6)
12

TE
−

  = 0.25. 

d) Using n = 4 the relative error is 
0.66667 0.70450

0.66667

−
 = 0.05750 which is less than 

TE  = 0.25. 

e) Using n = 4 the relative error is 0.05750 = 5.750% 

iii- f(x) = sin 2x . 

a) a = 0, b = π, h = 
4


, 

0x  = 0, 
1x  = 

4


, 

2x  = 
2


, 

3x  = 
3

4


, 

4x  = π. 

I ≈ 
4I  = 

0 1 2 3 4[ ( ) 2 ( ) 2 ( ) 2 ( ) ( )]
2

h
f x f x f x f x f x+ + + +   

= 
8


 [0 + 2(1) + 2(0) + 2(–1) + 0] 

= 0. 

b) I = 
0

sin 2x dx



  = 
0

cos 2

2

x


−
 = 

1 1

2 2

−
+  = 0. 

c) f(x) = sin 2x , ( )f x  = 2cos2x , ( )f x  = 4sin 2x− . The maximum value M of f   on [0, π] 

is 4. 

Using n = 4, h = 
4


 and 

2( 0)( )
4 (4)

12
TE


 −

  = 0.64594. 

d) The relative error is 0 which is less than TE  = 0.64594. 

e) A percentage of the exact value is 0%. 
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iv- f(x) = 4 22x x− . 

a) a = 0, b = 1, h = 0.25, 
0x  = 0, 

1x  = 0.25, 
2x  = 0.5, 

3x  = 0.75, 
4x  = 1. 

I ≈ 
4I  = 

0 1 2 3 4[ ( ) 2 ( ) 2 ( ) 2 ( ) ( )]
2

h
f x f x f x f x f x+ + + +   

= 0.125[0 + 2(–0.12109) + 2(–0.4375) + 2(–0.80859) + (–1)] 

= –0.46680. 

b) I = ( )
1

4 2

0

2x x dx−  = 

1
5 3

0

2

5 3

x x 
− 

 
 = –0.46667. 

c) f(x) = 4 22x x− , ( )f x  = 34 4x x− , ( )f x  = 212 4x − . The maximum value M of f   on [0, 

1] is 8. 

Using n = 4, h = 0.25 and 
2(1 0)(0.25 )

(8)
12

TE
−

  = 0.04167. 

d) Using n = 4 the relative error is 
0.46667 ( 0.46680)

0.46667

− − −

−
 = 0.00028 which is less than 

TE  = 

0.04167. 

e) Using n = 4 the relative error is 0.00028 = 0.028% 

v- f(x) = 4x –3. 

a) a = 1, b = 3, h = 0.5, 0x  = 1, 1x  = 1.5, 2x  = 2, 3x  = 2.5, 4x  = 3. 

I ≈ 
4I  = 0 1 2 3 4[ ( ) 2 ( ) 2 ( ) 2 ( ) ( )]

2

h
f x f x f x f x f x+ + + +   

= 0.25[1 + 2(3) + 2(5) + 2(7) + (9)] 

= 10. 

b) I = ( )
3

1

4 3x dx−  = ( )
3

2

1
2 3x x−  = 10. 
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c) f(x) = 4x –3 , ( )f x  = 4, ( )f x  = 0. The maximum value M of f   on [1, 3] is 0. 

Using n = 4, h = 0.5 and 
2(3 1)(0.5 )

(0)
12

TE
−

  = 0. 

d) Using n = 4 the relative error is 
10 10

10

−
 = 0 which is equal to 

TE  = 0. 

e) Using n = 4 the relative error is 0%. 

vi- f(x) = 3 4x x− . 

a) a = 1, b = 2, h = 0.25, 
0x  = 1, 

1x  = 1.25, 
2x  = 1.5, 

3x  = 1.75, 
4x  = 2. 

I ≈ 
4I  = 0 1 2 3 4[ ( ) 2 ( ) 2 ( ) 2 ( ) ( )]

2

h
f x f x f x f x f x+ + + +   

= 0.125[(–3) + 2(–3.04688) + 2(–2.625) + 2(–1.64063) + 0] 

= –2.20313. 

b) I = ( )
2

3

1

4x x dx−  = 

2
4

2

1

2
4

x
x

 
− 

 
 = –2.25. 

c) f(x) = 3 4x x− , ( )f x  = 23 4x − , ( )f x  = 6x . The maximum value M of f   on [1, 2] is 12. 

Using n = 4, h = 0.25 and 
2(2 1)(0.25 )

(12)
12

TE
−

  = 0.0625. 

d) Using n = 4 the relative error is 
2.25 ( 2.20313)

2.25

− − −

−
 = 0.02083 which is less than TE  = 

0.0625. 

e) Using n = 4 the relative error is 0.02083 = 2.083% 

2. 

i-  

a) a = 0, b = 2, h = 0.5, 0x  = 0, 1x  = 0.5, 2x  = 1, 3x  = 1.5, 4x  = 2. 
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I ≈ 
4I  = 

0 1 2 3 4[ ( ) 4 ( ) 2 ( ) 4 ( ) ( )]
3

h
f x f x f x f x f x+ + + +   

= 0.5/3[1 + 4(0.87758) + 2(0.54030) + 4(0.7074) + (–0.41615)] 

= 0.90962. 

b) I = 
2

0

cos x dx  = 
2

0
sin x  = sin2 = 0.90930. 

c) f(x) = cos x, ( )f x  = –sinx, ( )f x  = –cosx, ( )f x  = sinx, ( ) ( )ivf x  = cosx. The maximum 

value M of ( )ivf  on [0, 2] is 1. 

Using n = 4, h = 0.5 and 
4(2 0)(0.5 )

(1)
180

TE
−

  = 0.00069. 

d) Using n = 4 the relative error is 
0.90930 0.90962

0.90930

−
 = 0.00035 which is less than TE  = 

0.00069. 

e) Using n = 4 the relative error is 0.00035 = 0.035% 

ii-  

a) a = 1, b = 3, h = 0.5, 
0x  = 1, 

1x  = 1.5, 
2x  = 2, 

3x  = 2.5, 
4x  = 3. 

I ≈ 4I  = 0 1 2 3 4[ ( ) 4 ( ) 2 ( ) 4 ( ) ( )]
3

h
f x f x f x f x f x+ + + +   

= 0.5/3[1 + 4(0.44444) + 2(0.25) + 4(0.16) + (0.11111)] 

= 0.67148. 

b) I = 

3

2

1

1
dx

x





 = 

3

1

1

x

−
 = 

1
1

3

−
+  = 0.66667. 

c) f(x) = 
2

1

x
, f   = 

3

2

x

−
, ( )f x  = 

4

6

x
, ( )f x  = 

5

24

x

−
, ( ) ( )ivf x  = 

6

120

x
. The maximum value M 

of ( )ivf  on [1, 3] is 120. 
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Using n = 4, h = 0.5 and 
4(3 1)(0.5 )

(120)
180

TE
−

  = 0.08333. 

d) Using n = 4 the relative error is 
0.66667 0.67148

0.66667

−
 = 0.00721 which is less than 

TE  = 

0.08333. 

e) Using n = 4 the relative error is 0.00721 = 0.721% 

iii-  

a) a = 0, b = π, h = 
4


, 

0x  = 0, 
1x  = 

4


, 

2x  = 
2


, 

3x  = 
3

4


, 

4x  = π. 

I ≈ 
4I  = 

0 1 2 3 4[ ( ) 4 ( ) 2 ( ) 4 ( ) ( )]
3

h
f x f x f x f x f x+ + + +   

= 
12


 [0 + 4(1) + 2(0) + 4(–1) + 0] 

= 0. 

b) I = 
0

sin 2x dx



  = 
0

cos 2

2

x


−
 = 

1 1

2 2

−
+  = 0. 

c) f(x) = sin 2x , ( )f x  = 2cos2x , ( )f x  = 4sin 2x− , ( )f x  = 8cos2x− , ( ) ( )ivf x  = 16sin 2x . 

The maximum value M of ( )ivf  on [0, π] is 16. 

Using n = 4, h = 
4


 and 

4( 0)( )
4 (16)

180
TE


 −

  = 0.10625. 

d) The relative error is 0 which is less than TE  = 0.10625. 

e) A percentage of the exact value is 0%. 

iv-  

a) a = 0, b = 1, h = 0.25, 0x  = 0, 1x  = 0.25, 2x  = 0.5, 3x  = 0.75, 4x  = 1. 
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I ≈ 
4I  = 

0 1 2 3 4[ ( ) 4 ( ) 2 ( ) 4 ( ) ( )]
3

h
f x f x f x f x f x+ + + +   

= 0.25/3[0 + 4(–0.12109) + 2(–0.4375) + 4(–0.80859) + (–1)] 

= –0.46614. 

b) I = ( )
1

4 2

0

2x x dx−  = 

1
5 3

0

2

5 3

x x 
− 

 
 = –0.46667. 

c) f(x) = 4 22x x− , ( )f x  = 34 4x x− , ( )f x  = 212 4x − , ( )f x  = 24x , ( ) ( )ivf x  = 24. The 

maximum value M of ( )ivf  on [0, 1] is 24. 

Using n = 4, h = 0.25 and 
4(1 0)(0.25 )

(24)
180

TE
−

  = 5.20833. 

d) Using n = 4 the relative error is 
0.46667 ( 0.46614)

0.46667

− − −

−
 = 0.00114 which is less than 

TE  = 

5.20833. 

e) Using n = 4 the relative error is 0.00114 = 0.114% 

v-  

a) a = 1, b = 3, h = 0.5, 
0x  = 1, 

1x  = 1.5, 
2x  = 2, 

3x  = 2.5, 
4x  = 3. 

I ≈ 4I  = 0 1 2 3 4[ ( ) 4 ( ) 2 ( ) 4 ( ) ( )]
3

h
f x f x f x f x f x+ + + +   

= 0.16667[1 + 4(3) + 2(5) + 4(7) + (9)] 

= 10.0002. 

b) I = ( )
3

1

4 3x dx−  = ( )
3

2

1
2 3x x−  = 10. 

c) f(x) = 4x –3, ( )f x  = 4, ( )f x  = ( )f x  = ( ) ( )ivf x  = 0. The maximum value M of ( )ivf  on 

[1, 3] is 0. 
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Using n = 4, h = 0.5 and 
4(3 1)(0.5 )

(0)
180

TE
−

  = 0. 

d) Using n = 4 the relative error is 
10 10.0002

10

−
 = 0.00002 which is more than 

TE  = 0. 

e) Using n = 4 the relative error is 0.00002 = 0.002%. 

vi-  

a) a = 1, b = 2, h = 0.25, 
0x  = 1, 

1x  = 1.25, 
2x  = 1.5, 

3x  = 1.75, 
4x  = 2. 

I ≈ 
4I  = 

0 1 2 3 4[ ( ) 4 ( ) 2 ( ) 4 ( ) ( )]
3

h
f x f x f x f x f x+ + + +   

= 0.25/3[(–3) + 4(–3.04688) + 2(–2.625) + 4(–1.64063) + 0] 

= –2.25000. 

b) I = ( )
2

3

1

4x x dx−  = 

2
4

2

1

2
4

x
x

 
− 

 
 = –2.25. 

c) f(x) = 
3 4x x− , ( )f x  = 

23 4x − , ( )f x  = 6x , ( )f x  = 6, ( ) ( )ivf x  = 0. The maximum value 

M of ( )ivf  on [1, 2] is 0. 

Using n = 4, h = 0.25 and 
4(2 1)(0.25 )

(0)
180

TE
−

  = 0. 

d) Using n = 4 the relative error is 
2.25 ( 2.25000)

2.25

− − −

−
 = 0 which is equal to TE . 

e) Using n = 4 the relative error is 0%. 

3. 

a)  

i- f(x) = cos x, ( )f x  = –sinx, ( )f x  = –cosx, ( )f x  = sinx. 

The roots of ( )f x  on [0, π] are 0 and π. 
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(0)f   = –1 and ( )f   = 1 

The maximum value M of ( )f x  on [0, π] is 1. 

The error bound 
2( )

12

b a h
M

−
 is required to be less than 510− . That is,  

2( 0)
1

12

h −
 < 510−  which is equivalent to h < 0.00618. 

Solving for n in 
0

n

 −
 = h < 0.00618 yields n > 508.3333. 

Therefore one must use 509 subintervals to obtain an answer to within 510−  from the exact 

answer. 

ii- f(x) = 
2

1

x
, ( )f x  = 

3

2

x

−
, ( )f x  = 

4

6

x
, ( )f x  = 

5

24

x

−
.  

There is no any root of ( )f x  on [1, 3]. 

(1)f   = 6 and (3)f   = 0.07407 

The maximum value M of ( )f x  on [1, 3] is 6. 

The error bound 
2( )

12

b a h
M

−
 is required to be less than 

510−
. That is,  

2(3 1)
6

12

h−
 < 510−  which is equivalent to h < 0.00316. 

Solving for n in 
3 1

n

−
 = h < 0.00316 yields n > 632.511. 

Therefore one must use 633 subintervals to obtain an answer to within 
510−
 from the exact 

answer. 

iii- 

f(x) = sin 2x , ( )f x  = 2cos2x , ( )f x  = 4sin 2x− , ( )f x  = 8cos2x− . 
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The only root of ( )f x  on [0, π] is π/4. 

(0)f   = 0, ( )
4

f


  = –4 and ( )f   = 0. 

The maximum value M of ( )f x  on [0, π] is 4. 

The error bound 
2( )

12

b a h
M

−
 is required to be less than 510− . That is,  

2( 0)
4

12

h −
 < 510−  which is equivalent to h < 0.00309. 

Solving for n in 
0

n

 −
 = h < 0.00309 yields n > 1016.69. 

Therefore one must use 1017 subintervals to obtain an answer to within 510−  from the exact 

answer. 

b)  

i- f(x) = cos x, ( )f x  = –sinx, ( )f x  = –cosx, ( )f x  = sinx, ( ) ( )ivf x  = cosx, ( ) ( )vf x  = –sinx 

The roots of ( ) ( )vf x  on [0, π] are 0 and π. 

( ) (0)ivf  = 1 and ( ) ( )ivf   = –1 

The maximum value M of ( ) ( )ivf x  on [0, π] is 1. 

The error bound 
4( )

180

b a h
M

−
 is required to be less than 510− . That is,  

4( 0)
1

180

h −
 < 

510−
 which is equivalent to h < 0.15471. 

Solving for n in 
0

n

 −
 = h < 0.15471 yields n > 20.3063. 
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Therefore one must use 21 subintervals to obtain an answer to within 510−  from the exact 

answer. 

ii- f(x) = 
2

1

x
, ( )f x  = 

3

2

x

−
, ( )f x  = 

4

6

x
, ( )f x  = 

5

24

x

−
, ( ) ( )ivf x  = 

6

120

x
, ( ) ( )vf x  = 

7

720

x

−
 

There is no any root of ( ) ( )vf x  on [1, 3]. 

( ) (1)ivf  = 120 and ( ) (3)ivf  = 0.164609. 

The maximum value M of ( ) ( )ivf x  on [1, 3] is 120. 

The error bound 
4( )

180

b a h
M

−
 is required to be less than 510− . That is,  

4(3 1)
120

180

h−
 < 510−  which is equivalent to h < 0.05233. 

Solving for n in 
3 1

n

−
 = h < 0.05233 yields n > 38.21899. 

Therefore one must use 39 subintervals to obtain an answer to within 
510−
 from the exact 

answer. 

iii- 

f(x) = sin 2x , ( )f x  = 2cos2x , ( )f x  = 4sin 2x− , ( )f x  = 8cos2x− , ( ) ( )ivf x  = 16sin 2x , 

( ) ( )vf x  = 32cos2x . 

The only root of ( ) ( )vf x  on [0, π] is π/4. 

( ) (0)ivf  = 0, ( ) ( )
4

ivf


 = 16 and ( ) ( )ivf   = 0. 

The maximum value M of ( ) ( )ivf x  on [0, π] is 16. 

The error bound 
4( )

180

b a h
M

−
 is required to be less than 

510−
. That is,  
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4( 0)
16

180

h −
 < 510−  which is equivalent to h < 0.07736. 

Solving for n in 
0

n

 −
 = h < 0.07736 yields n > 40.61000. 

Therefore one must use 41 subintervals to obtain an answer to within 510−  from the exact 

answer. 

4. 

a) y = ln(1 + cosx), y  = 
sin

1 cos

x

x

−

+
, y  =

1

1 cos x

−

+
, y  =

( )
2

sin

1 cos

x

x

−

+
, ( )ivy  = 

( )

2

3

cos sin 1

1 cos

x x

x

− − −

+
.  

The only root of y  on [0, 1] is 0. 

(0)y  = 
1

2
−  and (1)y  = 

1

1 cos1

−

+
 = –0.64922. 

The maximum value M of y  on [0, 1] is 0.64922. 

Since 2cos sin 1x x− − −  = 0   cos 1x = . 

The only root of ( )vy  on [0, 1] is 0. 

( ) (0)ivy  = 
1

4
−  and ( ) (1)ivy  = 

2cos1 sin 1 1

1 cos1

− − −

+
 = –1.45969. 

The maximum value M of ( )ivy  on [0, 1] is 1.45969. 

b) The error bound 
2( )

12

b a h
M

−
 is required to be less than 

610−
. That is,  

2(1 0)
0.64922

12

h−
 < 

610−
 which is equivalent to h < 0.004299. 

Solving for n in 
1 0

n

−
 = h < 0.004299 yields n > 232.612235. 
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Therefore one must use 233 subintervals to obtain an answer to within 610−  from the exact 

answer. 

The error bound 
4( )

180

b a h
M

−
 is required to be less than 610− . That is,  

4(1 0)
1.45969

180

h−
 < 610−  which is equivalent to h < 0.105379. 

Solving for n in 
1 0

n

−
 = h < 0.105379 yields n > 9.489557. 

Therefore one must use 10 intervals to obtain an answer to within 610−  from the exact answer. 

c) a = 0, b = 1, h = 0.25, 
0x  = 0, 

1x  = 0.25, 
2x  = 0.5, 

3x  = 0.75, 
4x  = 1. 

I ≈ 
4I  = 

0 1 2 3 4[ ( ) 4 ( ) 2 ( ) 4 ( ) ( )]
3

h
y x y x y x y x y x+ + + +   

= 0.0833333[0.693147 + 4(0.677480) + 2(0.629985) + 4(0.549097) + (0.431979)] 

= 0.607617 

5. 

ii- f(x) = 
1

x
, ( )f x  =

2

1

x

−
, ( )f x  = 

3

2

x
, ( )f x  = 

4

6

x

−
, ( ) ( )ivf x  = 

5

24

x
, ( ) ( )vf x  = 

6

120

x

−
. 

There is no any root of ( ) ( )vf x  on [1, 2]. 

( ) (1)ivf  = 24 and ( ) (2)ivf  = 0.75. 

The maximum value M of ( ) ( )ivf x  on [1, 2] is 24. 

The error bound 
4( )

180

b a h
M

−
 is required to be less than 

410−
. That is,  

4(2 1)
24

180

h−
 < 

410−
 which is equivalent to h < 0.1655. 
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Solving for n in 
2 1

n

−
 = h < 0.1655 yields n > 6.0423. 

Therefore one must use 7 subintervals to obtain an answer to within 410−  from the exact answer. 

2

1

1
dx

x





 = 
2

1
ln x  = ln2. 

On the other hand for a = 1, b = 2, h = 
1

7
, 

0x  = 
8

7
, 

1x  = 
9

7
, 

2x  = 
10

7
, 

3x  = 
11

7
, 

4x  = 
12

7
, 

5x  = 

13

7
, 

6x  = 2 and f(x) = 
1

x
 we have: 

I ≈ 
7I  = 

0 1 2 3 4[ ( ) 4 ( ) 2 ( ) 4 ( ) ( )]
3

h
f x f x f x f x f x+ + + +   

= 0.0476[(0.875) + 4(0.7778) + 2(0.7) + 4(0.6364) + 2(0.5833) + 4(0.5385) + 0.5] 

= 0.5594. 

Therefore, ln2 = 0.5594 to for decimal places. 

6. f(x) = 
2xe− , ( )f x  =

2

2 xxe−− , ( )f x  = 
2 224 2x xx e e− −− . 

As ( )f x  ≤ 2 on [0, 1], the maximum value M of ( )f x  on [0, 1] is 2. 

The error bound 
2( )

12

b a h
M

−
 is required to be less than 210− . That is,  

2(1 0)
2

12

h−
 < 

210−
 which is equivalent to h < 0.24. 

Solving for n in 
1 0

n

−
 = h < 0.24 yields n > 4. 

Therefore one must use 5 subintervals to obtain an answer to within 
210−
 from the exact answer. 

 

f(x) = 
2xe− , ( )f x  =

2

2 xxe−− , ( )f x  = 
2 224 2x xx e e− −− , ( )f x  = 

2 2312 8x xxe x e− −− , ( ) ( )ivf x  = 

2 2 22 412 48 16x x xe x e x e− − −− + . 
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As ( ) ( )ivf x  ≤ 12 on [0, 1], the maximum value M of ( ) ( )ivf x  on [0, 1] is 12. 

The error bound 
4( )

180

b a h
M

−
 is required to be less than 210− . That is,  

4(1 0)
12

180

h−
 < 210−  which is equivalent to h < 0.62. 

Solving for n in 
1 0

n

−
 = h < 0.62 yields n > 1.60. 

Therefore one must use 2 subintervals to obtain an answer to within 210−  from the exact answer. 

 

Using the trapezoidal method, we have 

a = 0, b = 1, h = 0.2, 
0x  = 0, 

1x  = 0.2, 
2x  = 0.4, 

3x  = 0.6, 
4x  = 0.8, 

5x  = 1. 

I ≈ 
5I  = 

0 1 2 3 4 5[ ( ) 2 ( ) 2 ( ) 2 ( ) 2 ( ) ( )]
2

h
f x f x f x f x f x f x+ + + + +   

= 0.1[1 + 2(0.96) + 2(0.85) + 2(0.70) + 2(0.53) + 0.37] 

= 0.75. 

Using the trapezoidal method, we have 

a = 0, b = 1, h = 0.5, 
0x  = 0, 

1x  = 0.5, 
2x  = 1. 

I ≈ 2I  = 0 1 2[ ( ) 4 ( ) ( )]
3

h
f x f x f x+ +   

= 0.17[1 + 4(0.78) + 0.37] 

= 0.76. 
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Practice Questions  

 

1. Trigonometric Expressions 

1. 2

0

sin 4x dx



  = 

0

1 cos8

2

x
dx



−



 = 
0

1 sin8

2 8

x
x



 
− 

 
 = 

2


. 

2. 3 2sin 2 cos 2 d    = 2 2sin 2 cos 2 sin 2 d     = 2 2(1 cos 2 )cos 2 sin 2 d−      = 

3 51 cos 2 cos 2

2 3 5

  
− − 

 
 + C = 

5 3cos 2 cos 2

10 6

 
−  + C 

3. 
( )2sec ln x dx

x





  (u = lnx) 

= 2sec udu  = tanu + C = tan(lnx) + C. 

4. 

/ 2

4 4

0

sin cosx x dx



  = 

/ 2

4 4

0

sin cosx x dx



  = 

/ 2

4

0

1
(2cos sin )

16
x x dx



  = 

/ 2

4

0

1
sin 2

16
x dx



  = 

2/ 2

0

1 1 cos 4

16 2

x
dx


− 

 
 

  = ( )
/ 2

2

0

1
1 2cos 4 cos 4

64
x x dx



− +  = 

/ 2

0

1 1 cos8
1 2cos 4

64 2

x
x dx


+ 

− + 
 

  

= 

/ 2

0

1 3 cos8
2cos 4

64 2 2

x
x dx


 

− + 
 

  = 

/ 2

0

1 3 2sin 4 sin8

64 2 4 16

x x
x



 
− + 

 
 = 

3

256


. 

5. 2tan p dp  = 
2

2

sin

cos

p
dp

p





  

= 
2

2

(1 cos )

cos

p
dp

p

−



  

= 
2

1
1

cos
dp

p

 
− 

 





  

= (tan )p p−  + C. 

6. 

/ 2

3

0

tan 2x dx



  = 

/ 2
3

3

0

sin 2

cos 2

x
dx

x







  

= 

/ 2
2

3

0

sin 2 sin 2

cos 2

x x
dx

x







  

= 

/ 2
2

3

0

(1 cos 2 )sin 2

cos 2

x x
dx

x



−


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= 

/ 2

2

0

1 1
ln | cos 2 |

2 2cos 2
x

x



 
− − − 

 
  

= 
0

1 1 1
ln1 ln1

2 2 2



 
− − − + + 

 
 = 0. 

7. ( )2secx xe e dx  = 2sec u du  (u = ex) 

= tan u + C = tan ex + C 

8. Let x = 2sint, then dx = 2costdt. 

24

3

x
dx

x

−



 = 
24 4sin

2cos
6 sin

t
tdt

t

−



  

= 
2 cos

cos
3 sin

t
tdt

t





  

= 
22 cos

3 sin

t
dt

t





 

= 
22 1 sin

3 sin

t
dt

t

−



  

= 
2 1

( sin )
3 sin

t dt
t
−





  

= 
1 1 2

sin
3 3

sin cos
2 2

dt tdt
t t

−





   

= 
2

1 1 2
sin

3 3
tan cos

2 2

dt tdt
t t

−





  

= 
2 2

ln tan cos
3 2 3

t
t−  + C  

= 1 12 1 2
ln tan sin cos sin

3 2 2 3 2

x x− −   
−   

   
 + C 

9. Let x = 
7

3
tant, then dx = 

2

7

3cos
dt

t
. 

22 49 9

dx

x x+





 = 
2

2

7

3cos
7

2 tan 49 49 tan
3

dt
t

t t +






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= 
2

1

cos
sin 1

14
cos cos

dt
t

t

t t







  

= 
14sin

dt

t





  

= 
1

csc
14

tdt   

= 
1

ln csc cot
14

t t− +  +C 

= 1 11 3 3
ln csc tan cot tan

14 7 7
x x− −   

− +   
   

 +C. 

10. Let x = tant, then dx = 
2

1

cos
dt

t
. 

( )
1/ 2

21

dx

x+





 = 

( )
1/ 2

2 2cos 1 tan

dt

t t+





  

= 
1/ 2

2

2

1
cos

cos

dt

t
t

 
 
 






 

= sec tdt  = ln|sect + tant|+ C = ln|sec(tan–1x) + tan(tan–1x)|+ C 

= ln|
21 x+  + x|+ C. 

11. Let θ = 
1sec 5x−

 then |x| = 
1

5
secθ and dx = 

1
sec tan

5
d    if x ≥ 

1

5
 and dx = 

1
sec tan

5
d  −  if y ≤ 

1

5
− . 

225 1

dx

x x −





 = 

2

2

1
sec tan

15 ,
1 25

 sec sec 1
5

1
sec tan

15 ,
1 25

sec sec 1
5

d

x

d

x

  

 

  

 





 −


 −
  −


− −














  

= 
tan

tan

d 







 = C +  = 
1sec 5x C− + . 

12. Let θ = 1sec
5

w−  then |w| = 5secθ and dw = 5sec tan d    if w > 5. 
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2 2 25

dw

w w −





 = 
2 2

5 sec tan

25 sec 25sec 25

d  

 



 −





 = 
1 tan

25 sec tan

d 

 





 = 
1

cos
25

d   = 
1

25
sinθ + C 

= 
2 25

25

x

x

−
 + C. 

2. Partial Fractions 

 

1.  

( )
1

1x x −
 = 

A

x
 + 

1

B

x −
 = 

( )1

Ax A Bx

x x

− +

−
 = 

( )
( )

1

A B x A

x x

+ −

−
. 

This implies that 1 = (A + B)x – A. 

0

1

A B

A

+ =


− =
   

1

1

A

B

= −


=
. 

Therefore, 
( )

1

1x x −
 = 

1

1x −
 – 

1

x
. 

( )1

dx

x x −





 = 
1 1

1
dx

x x

 
− 

− 





 = ln|x – 1| – ln|x| + C = 
1

ln
x

x

−
 + C. 

2. 

( )
2

2

8

x x−
 = 

( )
22

8

1x x −
 = 

A

x
 + 

2

B

x
 + 

1

C

x −
 + 

( )
2

1

D

x −
 = 

( )

2 2 2 2

22

( 1) ( 1) ( 1)

1

Ax x B x Cx x Dx

x x

− + − + − +

−
. 

This implies that 8 = 2 2 2 2( 1) ( 1) ( 1)Ax x B x Cx x Dx− + − + − + . 

The last equation is true for all x , even for x = 0 or x = 1. 

Substitution x = 0 in 8 = 2 2 2 2( 1) ( 1) ( 1)Ax x B x Cx x Dx− + − + − +  yields B = 8. 

Substitution x = 1 in 8 = 2 2 2 2( 1) ( 1) ( 1)Ax x B x Cx x Dx− + − + − +  yields D = 8. 

Then 8 = 2 2 2 2( 1) 8( 1) ( 1) 8Ax x x Cx x x− + − + − + . 

Substitution x = 2 in 8 = 2 2 2 2( 1) 8( 1) ( 1) 8Ax x x Cx x x− + − + − +  yields A + 2C = –16. 

Substitution x = –1 in 8 = 2 2 2 2( 1) 8( 1) ( 1) 8Ax x x Cx x x− + − + − +  yields 2A + C = 16. 

The solution of two equations in A and C is A = 16 and C = –16. 

Therefore, 

( )
2

2

8

x x−
 = 

16

x
 + 

2

8

x
 + 

16

1x

−

−
 + 

( )
2

8

1x −
. 

( )
2

2

8 dx

x x−





 = 
( )

22

16 8 16 8

1 1
dx

x x x x

 −
+ + + 

 − − 






 = 16ln|x| – 
8

x
 – 16ln|x – 1| – 

8

1x −
 + C = 

16ln
1

x

x −
– 

8

x
– 

8

1x −
 + C. 
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3. 
( )( )2

4

1 1x x x− +
 = 

A

x
 + 

1

B

x −
 + 

2 1

Cx D

x

+

+
 = 

( )( )

2 2

2

( 1)( 1) ( 1) ( )( 1)

1 1

A x x Bx x Cx D x x

x x x

− + + + + + −

− +
 =  

( )

( )( )

3 2

2

( ) ( )

1 1

A B C x A D C x A B D x A

x x x

+ + + − + − + + − −

− +
. 

This implies that 4 = ( ) 3 2( ) ( )A B C x A D C x A B D x A+ + + − + − + + − − . 

0

0

0

4

A B C

A D C

A B D

A


 + + =

− + − =
 + − =

− =

   

4

2

2

0

A

B

C

D


 = −


=
 =


=

. 

Therefore, 
( )( )2

4

1 1x x x− +
 = 

4

x

−
 + 

2

1x −
 + 

2

2

1

x

x +
. 

( )( )2

4

1 1

dx

x x x− +





 = 
2

4 2 2

1 1

x
dx

x x x

− 
+ + 

− + 





 = –4ln|x| + 2ln|x – 1| + 2ln( 1)x +  + C = 

2 2

4

( 1)( 1)
ln

x x

x

+ −
 + C. 

4. 
4 2

1

x x+
 = 

( )2 2

1

1x x +
 = 

A

x
 + 

2

B

x
 + 

2 1

Cx D

x

+

+
 = 

( ) ( )
( )

2 2 2

2 2

1 1 ( )

1

Ax x B x Cx D x

x x

+ + + + +

+
 = 

( ) ( )

( )

3 2

2 2 1

A C x B D x Ax B

x x

+ + + + +

+
. 

This implies that 5 = ( ) ( )3 2A C x B D x Ax B+ + + + + . 

0

0

0

1

A C

B D

A

B

+ =


+ =


=
 =

   

0

1

0

1

A

B

C

D

=


=


=
 = −

. 

Therefore, 
4 2

1

x x+
 = 

2

1

x
 + 

2

1

1x

−

+
. 

4 2

dx

x x+





 = 
2 2

1 1

1
dx

x x

− 
+ 

+ 





 = 11
tan x

x

−− −  + C. 

5. 
( ) ( )

3

8 9

1 2

x

x x

+

+ +
 = 

1

A

x +
 + 

( )
2

1

B

x +
 + 

( )
3

1

C

x +
 + 

2

D

x +
 = 

( ) ( ) ( )( ) ( ) ( )

( ) ( )

2 3

3

1 2 1 2 2 1

1 2

A x x B x x C x D x

x x

+ + + + + + + + +

+ +
. 

This implies that 8x + 9 = ( ) ( ) ( )( ) ( ) ( )
2 3

1 2 1 2 2 1A x x B x x C x D x+ + + + + + + + + . 
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The last equation is true for all x , even for x = –2 or x = –1. 

Substitution x = –2 in 8x + 9 = ( ) ( ) ( )( ) ( ) ( )
2 3

1 2 1 2 2 1A x x B x x C x D x+ + + + + + + + +  yields D 

= 7. 

Substitution x = –1 in 8x + 9 = ( ) ( ) ( )( ) ( ) ( )
2 3

1 2 1 2 2 1A x x B x x C x D x+ + + + + + + + +  yields C 

= 1. 

Then 8x + 9 = ( ) ( ) ( )( ) ( ) ( )
2 3

1 2 1 2 2 7 1A x x B x x x x+ + + + + + + + + . 

Substitution x = 0 in 8x + 9 = ( ) ( ) ( )( ) ( ) ( )
2 3

1 2 1 2 2 7 1A x x B x x x x+ + + + + + + + +  yields A + B 

= 0. 

Substitution x = 1 in 8x + 9 = ( ) ( ) ( )( ) ( ) ( )
2 3

1 2 1 2 2 7 1A x x B x x x x+ + + + + + + + +  yields 2A + 

B = –7. 

The solution of two equations in A and B is A = –7 and B = 7. 

Therefore, 
( ) ( )

3

8 9

1 2

x

x x

+

+ +
 = 

7

1x

−

+
 + 

( )
2

7

1x +
 + 

( )
3

1

1x +
 + 

7

2x +
. 

( )

( ) ( )
3

8 9

1 2

x dx

x x

+

+ +





 = 
( ) ( )

2 3

7 7 1 7

1 21 1
dx

x xx x

 −
+ + + 

 + ++ + 






 = –7ln|x + 1| – 
7

1x +
 – 

( )
2

1

2 1x +
 + 

7ln|x + 2| + C = 
2

7 ln
1

x

x

+

+
 – 

7

1x +
 – 

( )
2

1

2 1x +
 + C. 

6. 
( )( )( )

20 2

2 1 5

x

x x x

+

− + +
 = 

2

A

x −
 + 

1

B

x +
 + 

5

C

x +
 = 

( )( ) ( )( ) ( )( )

( )( )( )

1 5 2 5 2 1

2 1 5

A x x B x x C x x

x x x

+ + + − + + − +

− + +
 = 

( ) ( )

( )( )( )

2 6 3 5 10 2

2 1 5

A B C x A B C x A B C

x x x

+ + + + − + − −

− + +
. 

This implies that 20x + 2 = ( ) ( )2 6 3 5 10 2A B C x A B C x A B C+ + + + − + − − . 

0

6 3 20

5 10 2 2

A B C

A B C

A B C

+ + =


+ − =
 − − =

   

2

3

2

7

2

A

B

C


 =



=



= −

. 

Therefore, 
( )( )( )

20 2

2 1 5

x

x x x

+

− + +
 = 

2

2x −
 + 

3

2

1x +
 + 

7

2

5x

−

+
. 
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( )

( ) ( )( )

20 2

2 1 5

x dx

x x x

+

− + +





 = 

3 7
2 2 2

2 1 5
dx

x x x

 
− 

+ + 
− + + 

 







 = 
3 7

2ln | 2 | ln | 1| ln | 5 |
2 2

x x x C− + + − + +  

= 
( )

( )

3
2

7

( 2) 1
ln

5

x x
C

x

 − +
 

+
 
 +
 

. 

 

3. Integration by Parts  

1. Let u = x and dv = cos3xdx then du = dx and v = 
sin 3

3

x
. 

4 cos3x x dx  = 
4

sin 3
3

x x  – 
4

sin 3
3

x dx  = 
4

sin 3
3

x x  + 
4

cos3
9

x  + C. 

2. Let u = lnx and dv = xdx then du = 
dx

x
 and v = 

2

2

x
. 

1

ln

e

x x dx  = 
2

1

ln
2

e

x
x  – 

1
2

e

x
dx




 = 
2

1

ln
2

e

x
x  – 

2

1
4

e

x
 = 

2

2

e
 – 

2

4

e
 + 

1

4
 = 

2

4

e
 + 

1

4
. 

3. Let u = 2t  and dv = te dt−  then du = 2tdt and v = – te− . 
1

2

0

tt e dt−

  = 2 1

0

tt e−−  + 

1

0

2 tte dt−

  = 2 1

0

tt e−−  – 1

02 tte−  + 

1

0

2 te dt−

  = 2 1

0

tt e−−  – 1

02 tte−  – 
1

0
2 te−  

= 1e−−  – 12e−  – 12e−  + 2 = 15e−−  + 2. 

4. Let u = 2xe  and dv = sin2xdx then du = 22 xe dx  and v = 
cos 2

2

x
− . 

2

0

sin 2xe x dx



  = 
2

0

cos 2

2

xe x


−  + 2

0

cos 2xe x dx



  = 
2

0

cos 2

2

xe x


−  + 
2

0

sin 2

2

xe x


 – 

2

0

sin 2xe x dx



 . 

Therefore, 2

0

sin 2xe x dx



  = 
2

0

cos 2

4

xe x


−  + 
2

0

sin 2

4

xe x


 = 
2 1

4 4

e 

− + . 

5. Let u = 1sin x−  and dv = dx then du = 
21

dx

x−
 and v = x. 

1sin x dx−

  = 
1sinx x−

 – 
21

xdx
dx

x−





 = 
1sinx x−

 + 
21 x−  + C. 

6. Let u = lnx then x = ue  and dx = 
ue du . 

cos(ln )x dx  = cos uu e du  and the integral can be evaluated using integration by parts. 

Let w = 
ue  and dv = cosudu then dw = 

ue du  and v = sinu . 

cos uu e du  = sinue u  – sinue u du  = sinue u  + cosue u  – cosue u du . 

Therefore, cos(ln )x dx  = ( )
1

sin(ln ) cos(ln )
2

x x x x C+ + . 

7. Let u = lnx and dv = dx then du = 
dx

x
 and v = x. 
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1

ln

e

x dx  = 
1

ln
e

x x  – 
1

e

dx  = 
1

ln
e

x x  – 
1

e
x  = e – e + 1 = 1. 

8. Let u = 1tan x−  and dv = xdx then du = 
21

dx

x+
 and v = 

2

2

x
. 

1tanx x dx−

  = 
2 1tan

2

x x−

 – 
2

22(1 )

x
dx

x+





 = 
2 1tan

2

x x−

 – 
2

1 1
1

2 1
dx

x

 
− 

+ 





 = 
2 1tan

2

x x−

 – 
2

x
 

+ 
1tan

2

x−

 + C. 

9. Let u = 1sec x−  and dv = xdx then du = 
2

2

sec

1

x
dx

x

−

−
 and v = 

2

2

x
. 

1secx x dx−

  = 
2

1sec
2

x
x−

 – 
2 2

2

sec

2 1

x x
dx

x

−

−





 = 
2

1sec
2

x
x−

 + 
2

2 2

2

1 sec
1 sec

2 1

x
x x dx

x

−
−

 
− − 

− 





 

= 
2

1sec
2

x
x−

 – 1 2 21 1
sec 1 sec

2 2
x x x dx− −+ − . 

Let u = 21 x−  and dv = 
2

2

sec

1

x
dx

x

−

−
 then du = –2x and v = 1sec x−− . 

2 21
1 sec

2
x x dx−−  = 

( )2

1
1

sec
2

x
x−

−
−  – 1secx x dx−

  + C. 

Therefore, 1secx x dx−

  = 
2

1sec
4

x
x−

 – 11
sec

4
x−  – 

( )2

1
1

sec
4

x
x−

−
 + C. 

10. Let u = 1cosn ax−  and dv = cosaxdx then du = –a(n – 1) 2cos sinn ax ax−  and v = 
sin ax

a
. 

cosn ax dx  = 
1sin cosnax ax

a

−

 + 2 2( 1) sin cosnn ax ax dx−−    

= 
1sin cosnax ax

a

−

 + 2 2( 1) cos (1 cos )nn ax ax dx−− −   

= 
1sin cosnax ax

a

−

 + 2( 1) (cos cos )n nn ax ax dx−− − . 

Therefore, cosn ax dx  = 
1sin cosnax ax

an

−

 + 21
cosnn

ax dx
n

−−
 . 

11. At first, let solve corresponding uniform the differential equation: 

2
y y

x
 +  = 0, 

dy

dx
 = 

2y

x
− , 

2

dy

y
 = 

dx

x
− , 

y = 
2

( )C x

x
. 

Then y = 
2

4

( ) 2 ( )C x x xC x

x

 −
 and 

2

4

( ) 2 ( )C x x xC x

x

 −
 + 

2

2 ( )C x

x x
  = cosx. 

Thus C(x) = 
2 sin 2 cos 2sinx x x x x+ −  + C and y = 

2

2

sin 2 cos 2sinx x x x x C

x

+ − +
. 
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12. Let u = 1cosm ax−  and dv = cos sinnax ax dx then du = –a(m – 1) 2cos sinm ax ax−  and v = 
1sin

( 1)

n ax

a n

+

+
. 

sin cosn max ax dx  = 
1

1 sin
cos

( 1)

n
m ax

ax
a n

+
− 

+
 + 2 2( 1)

cos sin
( 1)

m nm
ax axdx

n

− +−

+   = 
1

1 sin
cos

( 1)

n
m ax

ax
a n

+
− 

+
 

+ 2 2( 1)
cos sin (1 cos )

( 1)

m nm
ax ax ax dx

n

−−
−

+   = 
1

1 sin
cos

( 1)

n
m ax

ax
a n

+
− 

+
 + 

2( 1) ( 1)
cos sin cos sin

( 1) ( 1)

m n m nm m
ax axdx ax axdx

n n

−− −
−

+ +  . 

Therefore, sin cosn max ax dx  = 
1

1 sin
cos

( )

n
m ax

ax
a n m

+
− 

+
 + 2( 1)

cos sin
( )

m nm
ax axdx

n m

−−

+  . 

 

4. Numerical Integration 

 

1.  

a) f(x) = 4 25 3x x− . 

a = 0, b = 2, h = 
1

3
, 

0x  = 0, 
1x  = 

1

3
, 

2x  = 
2

3
, 

3x  = 1, 
4x  = 

4

3
, 

5x  = 
5

3
, 

6x  = 2. 

I ≈ 
5I  = 

0 1 2 3 4 5 6[ ( ) 2 ( ) 2 ( ) 2 ( ) 2 ( ) 2 ( ) ( )]
2

h
f x f x f x f x f x f x f x+ + + + + +   

= 0.16667[0 + 2(–0.27160) + 2(–0.34568) + 2(2) + 2(10.46914) + 2(30.24692) + 68] 

= 25.36677. 

b) I = ( )
2

4 2

0

5 3x x dx−  = ( )
2

5 3

0
x x−  = 24. 

c) f(x) = 
4 25 3x x− , ( )f x  = 320 6x x− , ( )f x  = 260 6x − . The maximum value M of f   on [0, 

2] is 234. 

Using n = 5, h = 
1

3
 and 

2(2 0)(1/ 3)
(234)

12
TE

−
  = 4.33333. 

d) Using n = 5 the relative error is 
24 25.36676

24

−
 = 0.05695 which is less than TE  = 4.33333. 

e) Using n = 5 the relative error is 0.05695 = 5.695% 

2.  

a) f(x) = 
1

x
. 

a = 1, b = 2, h = 0.25, 0x  = 1, 1x  = 1.25, 2x  = 1.5, 3x  = 1.75, 4x  = 2. 

I ≈ 4I  = 0 1 2 3 4[ ( ) 4 ( ) 2 ( ) 4 ( ) ( )]
2

h
f x f x f x f x f x+ + + +   

= 0.125[1 + 4(0.8) + 2(0.66667) + 4(0.57142) + 0.50000] 

= 1.03988. 

b) I = 

2

1

1
dx

x





 = 
2

1
ln x  = ln2 = 0.69315. 

c) f(x) = 
1

x
, ( )f x  = 

2

1

x
− , ( )f x  = 

3

2

x
. The maximum value M of f   on [1, 2] is 2. 
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Using n = 4, h = 0.25 and 
4(2 1)(0.25)

(2)
180

SE
−

  = 0.00009. 

d) Using n = 4 the relative error is 
0.69315 1.03988

0.69315

−
 = 0.50022 which is more than 

SE  = 

0.00009. 

e) Using n = 5 the relative error is 0.50022 = 50.022% 

3.  

a) f(x) = cos
4

x
, ( )f x  = 

1
sin

4 4

x
− , ( )f x  = 

1
cos

16 4

x
− , ( )f x  = 

1
sin

64 4

x
. 

The roots of ( )f x  on [0, π] are 0 and π. 

(0)f   = –1 and ( )f   = 
2

128
. 

The maximum value M of ( )f x  on [0, π] is 1. 

The error bound 
2( )

12

b a h
M

−
 is required to be less than 510− . That is,  

2( 0)
1

12

h −
 < 510−  which is equivalent to h < 0.06180. 

Solving for n in 
0

n

 −
 = h < 0.06180 yields n > 50.83333. 

Therefore one must use 51 subintervals to obtain an answer to within 
510−
 from the exact 

answer. 

b) f(x) = cos
4

x
, ( )f x  = 

1
sin

4 4

x
− , ( )f x  = 

1
cos

16 4

x
− , ( )f x  = 

1
sin

64 4

x
, ( ) ( )ivf x  = 

1
cos

256 4

x
, ( ) ( )vf x  = 

1
sin

1024 4

x
−  

The roots of ( ) ( )vf x  on [0, π] are 0 and π. 

( ) (0)ivf  = 1 and ( ) ( )ivf   = 
2

2048
−  

The maximum value M of ( ) ( )ivf x  on [0, π] is 1. 
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The error bound 
4( )

180

b a h
M

−
 is required to be less than 510− . That is,  

4( 0)
1

180

h −
 < 510−  which is equivalent to h < 0.15471. 

Solving for n in 
0

n

 −
 = h < 0.15471 yields n > 20.3057. 

Therefore one must use 21 subintervals to obtain an answer to within 510−  from the exact 

answer. 
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