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Inrtoduction

In Mathematics, a differential equation is an equation that contains one or more functions with
its derivatives. The derivatives of the function define the rate of change of a function at a point. It is
mainly used in fields such as physics, engineering, biology and so on. The primary purpose of the
differential equation is the study of solutions that satisfy the equations and the properties of the
solutions.

One of the easiest ways to solve the differential equation is by using explicit formulas. In this
workshop, let us discuss the definition, types, methods to solve the differential equation, order and
degree of the differential equation, ordinary differential equations with real-word examples and a
solved problem.

Differential Equations can describe how populations change, how heat moves, how springs
vibrate, how radioactive material decays and much more. They are a very natural way to describe
many things in the universe.

So we try to solve them by turning the Differential Equation into a simpler equation without
the differential bits, so we can do calculations, make graphs, predict the future, and so on.



Lecture summary

An equation that involves a function y of x along with its derivatives is called a differential
equation. y' + 2y =sinx, y"" + xp' + 2y =x"+ 1, and y'* + (tan x) y = | are all examples of
differential equations.

« Tosolve )" = f{x) integrate both sides: y = [f (x) dx

« Tosolve @b =f(x)g(y) express as dy =f (x)dx and integrate:
dx g()

J'dL: If (x)dx .
g)

I polx dx

» Tosolvey +plx)y=Ax)findv(x)=e and set y zﬁﬂ‘{x)v(x)dx .
v(x

The conditions y = yq, ¥'=y5, ¥" =¥y, etc. when x = a are called initial conditions and

o

the problem of solving the differential equation in this case is referred to as solving an
initial-value problem. To solve an initial-value problem, find the general solution of the
differential equation and then substitute the initial conditions to obtain the particular values
of the constants involved.

The general form of a second order linear differential equation is y" + p(x)y" + g(x)y = f(x).
It is called homogenous if f(x) = 0.

ay’ + by +cey=0,a,b, c € Ris ahomogeneous second order linear differential equation
with constant coefficients. Its characteristic equation is ar* + br+ ¢ = 0,
« [Ifthe characteristic equation has two distinct roots | and r; then the general solution is

ce +cpe

. . b
»  Ifthe characteristic equation has two equal roots r =5 =1 = "o then the general
a
solution is ¢;¢™ +¢,xe™ .

s  Ifthe characteristic equation has two complex roots e+ fi and & — fi then the general

solution is y = e™ (¢, cos fx + ¢, sin fix) .

The differential equation y" + p(x))’ + g(x)y = f(x) is called non-homogenous it f # 0.
If ¢ u(x) + cov(x) is the general solution to ¥" + p(x)y" + g(x)y = 0 and yp is a particular
solution to the equation, then the general solution is y = ¢ u(x) + c2v(x) + yp.

For the differential equation ay” + by’ + ¢y = f(x), a, b, and ¢ are constants, the particular
solution can be found using the method of undetermined coefficients as follows:

f@) »

Pa(x), polynomial of degree n =~ x"g,(x)
s 1s the number of times 0 is a root of the
characteristic equation.

palx)e™ x'gux)e™
5 1s the number of times « 1s a root of the
characteristic equation.

)i ()™ sin fx x'[g,(x)e™sin fx + h,(x)e™cos fx],
JX)1s p,lxje cos Bx 5 1s the number of times a + i is a root
of the characteristic equation.

¢a(x), g,(x), and /,(x) are polynomials of degree n whose coefficients are to be determined.



Section: 1 First Order Differential Equations

Example 1
Given thaty = 1 at x = 0, solve the differential equation g_y — ytan x =sec’x,, giving your answer in
X

the form y = f (x).

Solution

_[—tan xdx = In|cos x|

v(x)=cos x

I COoS X —dx
COS X cos X

y=

y =sec x(tan x+C)

y=1latx=0= y=secxtan x+secx

Example 2

. dx
a) Find | ——.
J VOX? +4
b) Find the general solution of the differential equation (9x2 +4) g—y +9xy =1
X

Solution

Im —smh (SX]+C

d—y+ 9x y= 1
dx 9x?+4° 9x°+4

v(x)= VOX? +4
IV9X dx

9X +4 9X +4

=sin

()
9x?+41L3 2



Example 3

a) Show that the transformation y =vx transforms the equation:

2
xzd—y—Zxﬂ+(2+9x2)y:x5, I
dx2 dx
2
into the equation : d—\2/+9v: x2, I
dx

b) Solve the differential equation Il to find v as a function of x.

c) Hence state the general solution of the differential equation I.

Solution
d v dy v d
dx dx' dx?2 dx  dx?

of ,dv d?v dv 2 5
= X (Zd—x+xyj—2x[v+xd—xj+(2+9x )(vx)_x

2

dev
= 9x3v+ x3—2=x
dx

5

2
v

:>9v+—2= X
dx

2

r’+9=0=r=3i

= V,, = Acos3x+Bsin3x

vp=Cx2+Dx+E

:>C=1, E="2 andD=0
9 81
. 1, 2
=V=Ac0s3X+Bsin3x+—x"——
9 81

y:éx+%x3+x(AcosBx+Bsin3x)

Example 4

a) Show that the substitution y = vx transforms the differential equation —

dy

dx

_3x—-4y
4x+3y

0



2 J—
into the differential equation x% = _3v+8v-3 (.
dx 3v+4

b) By solving differential equation (I1), find a general solution of differential equation (1).

c) Giventhaty =7 at x = 1, show that the particular solution of differential equation (I) can be
written as (3y — x)(y + 3x) = 200.

Solution

3X—=4vx _ 3—-4v

Yy=VX=> Y/ =XV'+Vv= =
4X+3vx 4+3v

3-4v _ 3—4v_4v+3v2_ —3+8v+3v?

_V_
44 3v 44+3v  4+3v 44 3v

3v+4 | 1
I3v2:;v—3 ' j—;dx

=XV =

:lln‘3v2+8v—3‘: In|2
2 X

= 3v24+8v—3 = %
X

= 3y?+8xy—3x? =B

y=7atx=1= (21-1)(7+3)=B = 200
= (3y-x)(y+3x)=200

Example 5

Giventhat x=Int, t >0 and that y is a function of x,
a) Find :—yin terms of dy and t,
X

2 2
b) Show that &Y =12 9°Y &Y
dx? dt?  dt

c) Show that the substitution x =Int transforms the differential equation

2

%—(1—6ex)3—y+10ye2X =5e2sin2e* (1) into the differential equation
X X

dz—y+6d—y+10y—53in2t (1

dt? dt '



d) Hence find the general solution of (I), giving your answer in the form y = f (x) .

Solution

dy _,dy

dx dt

2 2 2
M:ti[ﬂ)=t ﬂﬂd_y =t2d_y+tﬂ
dx?  dt\dx dt  dt? dt? dt

2y"+1y' - (1-6t)(ty') + (10y) (1) = 5t7sin(2t)
= y"+6y’'+10y =5sin(2t)
r>+6r+10=0=r=-37i

= y=e"'[Acost +Bsint]

Yp =Msin2t+Ncos2t

Yp =2Mcos 2t — 2Nsin 2t

Yp =—4Msin2t—4Ncos 2t

Substituting into equation we get M = % N= 1

’ 3
3 1 1 §
=y=e [Acost+Bsmt]+gsm2t—§c052t , t=e

Example 6

2
a) Show that y = % x2e* is a solution of the differential equation dy_ 2d—y+ y=¢e*

dx?>  dx

2

b) Solve the differential equation 3—3’— 2%+ y=¢*, given thaty =1 and dy =2 atx=0.
X X X

Solution

1 2_.X
==X
y 2



1
y' = xeX + = x%eX
2
1
y" =X +2xe* +Ex2eX

eX [1+2x+%x2]—2(x+%x2)ex +%x2ex =X

>e=e" = % x%eX is a solution of the differential equation

r’—2r+1=0

(-1

r=1
1 2 |5X
y=(A+Bx+Ex ]e

y=1,x=0=>A=1

y=2,x=0=>B=1

Example 7

2
a) Find the general solution of the differential equation 2t—§/+ 22—¥+ 2y=2e"t.

b) Find the particular solution that satisfies y =1 and 3—3{:1 att=0.

Solution
r’+2r+2=0

r=-1%i
=y, =e " (Acost +Bsint)
yp= Me™

yp'= —Me™

10



= y=e""(Acost+Bsint)+2e” =e™ (Acost+Bsint+2)

y=1Lt=0=>1=A+2=A=-1

= y=e""(-cost+2sint+2)

Example 8

Use the substitution y = vx, where v is a function of x, to solve the differential equation

xyﬂ:x2+y2,x,y>0

dx

Solution

:>V—=Inx+C
2

= y? =2x?In x+Cx?

= y=x42Inx+C

Example 9
11



Find the general solution of the differential equation

y+2ycot2x=sinx, 0<x<E
dx 2

Solution
2cot2xd i .
p= ef cot2xdx _ eIn(sm2x) —sin2x

= ysin2x =_[sin 2xsinx dx+C

ysin2x = %sin3 x+C

= y=%tan xsinx+Ccsc2x, CeR

Example 10

dy 2

Find the general solution of the differential equation Vi ytanx=sec“ x, 0<Xx <g , giving your
X

answer for y in terms of x.

Solution

—j'tan xdx
p=¢€
_ eIn(cos X) — COS X

=X ycosx=jsec2 xcos Xdx +C
= In|sec x + tan x|+ C

= y=secx(Insec x+tanx|+C), CeR

Example 11
Use the substitution y =vx, where v is a function of x, to transform the differential
. d . dv .
equation G d—y =x% + Xy + y2, x>0 into xd— =1+v? , X>0. Hence, given that
X X

y=+/3 at x=1, find y in terms of x.

12



Solution

dv
= X%V + xgd—= X2 4+ X2V +v2x2

X

= xd—V=1+v2
dx

dv dx _
:>_[ ~=|—=tan lv=Inx+C
1+v X
—Stan L =Inx+C
X

y=«/§atx=1:>tan‘1\/§=c

= tan~! Y- In x +tan™? \/§
X

T
=>|y= xtan(lnx+§)

Example 12

Find the general solution of the differential equation sin xj—y —ycosXx=sin2xsinx,
X

giving your answer in the form y = f (x).

Solution
g—i—(cotx)yzsinZX
_ —Jeotxdx _ _—njsinx| _ 1
=e =e =—
p sin X
:#y: (sin2x)(#]dx+c
sin x sin x

= I(Zsin X COS x)(_i)dx+c

sin X
=2sinXx+C

= y=2sin? x+Csinx, CeR

13



Example 13

Solve the differential equation y'—y+ y4 =0, putting z = %
y

Solution

dz -3dy

a3 dx

=In|z-1]=-3x+C

= 7-1=ke ¥

= 7=1+ke™*

1
=>y=3—— keR
y \/1+ke_3x

Example 14

2
a) Use the substitution u = iz (y>0) to transform the differential equation % +2xy = xe ¥ y3
X

y

2
(1) into the differential equation 3—u—4xu =-2xe X (Il
X

b) By finding the general solution of (1) find the general solution of (1)

Solution
1 du -2dy
U=s—=> =3
y dx y dx
du 2
3 -X°.,3
—— Yy —4+2Xy=Xe
2y dx y y

14



u(x)= ezxz_"(e‘zx2 )(—2xe‘x2 )dx

=e? J‘(e‘z"2 )(—er‘x2 )dx = ezxzj—er_3X2dx

u=e2 [%e‘SXZ + C} ==X 1 Ce?¥
iz=le‘xz+Ce2X2:>y— L
y- 3 \/1e"‘2 +Ce2X
3
Example 15
a) Find the general solution of the differential equation %—X = Xtanh x, giving your answer in the
X X
form y = f (x).

b) Given that k is a positive constant, find the general solution of the differential equation

d2y

W—ij—i‘f- kzy zeka.
Solution
1
p= o _nx _ L
X

ly="‘tanhxdx+C
X

%yz In(cosh x)+C

= y=xIn(coshx)+Cx, CeR

15



r2—2kr+k2=0:>r1=r2=k

Lety, =Ce ™ = k?Ce™ + 2k°Ce ™™ +k*Ce ™ =e™

1

:>4k2C=1:>C=—2
4k

= e’ (A +Bx +ie‘kx
=Y ( ) 4k?

Example 16

2
a) Use the substitution u = iz (y>0) to transform the differential equation % +2xy = xe ¥ y3
X

y

. . . . du %2
(1) into the differential equation d——4xu =-2Xe (m
X

b) By finding the general solution of (1) find the general solution of (1)

Solution
1 du -2dy
Uu=—>=>—=——
y2 dx y3dX
du 2
3 -X“.,3
—— Yy —+2Xy=Xe
2y dx Y y
d_u_4_x=_2 -x?
dx y2
:>d—u—4xu=—2xe X
dx

16



i=1e‘x2+Ce2X2:>y— L
y> 3 1 2x2
“e7* +Ce¥
3
Example 17
Find the general solution of the differential equation cos x% + ysinx=sin XCos° X,
X
O<x<Z.
2
Solution

dy . o 3
COSXd—+ ySIN X =SIN XCO0S™ X
X

dy . 2
—+(tan x =SIN XCOS™ X
5, H(tanx)y

v(x) = eItan xdx _ glnsecx _ gae

. sin? x
y = C0S x_[sm X €0S XdX = cos x{ 5 +C}

1 .
= ECOS XSIn2 X+ Ccos x

Example 18
dx

a) Find | ——

J. NOX? +4

b) Find the general solution of the differential equation (9x? + 4)3_y +9xy =1
X

Solution

jm —smh (3XJ+C

dy 9x 1
dx ' X’ +4°~ 9x’+4

= p=9x*+4

17



dx
Ox2+4

9x2+4y=j 9x? +4
= y=;[lsinh‘l(3—xl+c}
Vox2+4L3 2

Example 19

dy 3

Given thaty = 1 at x = 0, solve the differential equation a ytan x =sec” x, giving your solution
X

in the form y = f(x).

Solution

p=e X —cosx

:>(cosx)y="‘sec2 xdx+C =tanx+C

= y=secxtanx+Csecx, CeR

Example 20
Use the substitution y = vx, where v is a function of x, to transform the differential equation

24 Xy + y2, x > 0 into the differential equation x% =1+v?, x> 0. Hence, given that
X

xzﬂzx
dx
y=J§ at x =1, find y in terms of x.

Solution

dv
= x3d—+ X2V = X% + X2V +v2x?
X

= xd—V=1+v2
dx

== ~Z=tantv=Inx+C
1+v X

:I dv dx

18



_1l
X

= tan =|nx+C

y=+3 at x=1=tant3=C

—tan L =inx+Z or y=xtan| Inx+Z
X 3 3

Example 21

d—y+y(1+§j:i, x>0

dx X) x2

a) Verify that x%eX is an integrating factor for the differential equation.
b) Find the general solution of the differential equation.

Solution

3
1+—|d
I[ +x) X=ex+3lnx= xaInx? 3,X

p=¢ eXe™ =x’e

x3eXy = I[%)(x3ex)dx+c

x3e*y=xe*—eX+C

Example 22

Use the substitution u =Iny to solve the differential equation

%-%+%Iny:1 (x>0)

Solution

du_1 dy

dx_y dx

19



By susbstitution du + 1 u=1
dx X

Example 23

Find the general solution of the differential equation j—y +2ycot2x =sinXx,
X

O<x< g , giving your answer in the form y = f (x) :

Solution

V(x)= el 20012X0X _ glnsin2x _ gy oy

1

y= V(X)jv(x)Q(x)dx

= cchx_[sin 2xsin xdx

= cchxEsin3 x+C}

Example 24
Find the particular solution of the given equation v =X, x>0 and y=2 at
dx x+1

x=1.
Solution

(L gx
oo™ o) L

x+1

20



(ﬁl (1——de+c

(—J —In(x+1)+C

X+1
= x(x+1)—(x+1)In(x+1)+C(x+1)

y=2atx=1=2=2-2In2+2C
=C=In2

= y=(x+1)(x—|n(x+1)+|n2)

=(x+1)(x+lnil]

X+

Example 25

Solve EOI—y:x+xy, y=1lat x=0.

y dx

Solution

_[ (f+ y) dex

(St

2
= In|y|-In|1+ y‘=7+C

2

y =X7+C,y=1atx=0

= In|——
1+y

:>C=Inl
2




Example 26

Find the general solution of the differential equation j—y + y(tanh x) = sech x x>0
X X

Solution

j'tanh xdx

V(x) = e V(X)=e = coshx

y=sechx_[§dx=sechx(ln x+C)

Example 27
Solve each of the following differential equations.

a) y'-5y'—-6y=0

b) y"+4y'+4y=0

C) y'-2y'+2y=0

Solution

r’—5r-6=0=>r=6,-1

= y=C,e®+Ce ™, C;,C,eR
r2+4r+4=0:>r1=r2=—2

= y=e(C;+Cyx), C1.C,eR
r’2—2r+2=0=>r=1FJ/-1=17Fi

= y=e*(Cysinx+C,cosx), C;,C,eR

Example 28
Given thaty = 1 at x = 0, solve the differential equation g—y — ytan x =sec’x, giving
X

your answer in the form y = f (x).

22



Solution

I—tan xdx = In|cos x|

= p=C0S X

1
cosxy=jcosx—3dx+c
Cos” X

y =sec x(tan x+C)

y=1latx=0= y=secxtan x+secx

Example 29
Find the general solution of the differential equation g—y—z y=x2Inx, x>0.
X X
Solution
2
—|—=dx 1
p=e -[x :e—ZInx ==
X

:%y=j(len x)(%)dx+c

X

=IInxdx+C=xInx—x+c

= y=x3Inx-x3+cx?, ceR

Example 30

Solve the following differential equation: sin xg—y =tan y(3cosx+sinx), 0<x gg
X

and 0< y<g knowing that y=% at x=g. Give your answer in the form
siny = f(x).

Solution

23



sin xg—y =tan y(3cos X +sin x)
X

(3cos>_<+sin X) i
sin x

cot ydy =
In(sin y)=3In(sinx)+ x+C

In%=3ln1+C:>C=—In2

. 3
In(siny) = In[sm2 X]+ X

3

siny = Sin" X x
Example 31
a) Use the substitution y =vx, where v is a function of x to transform the differential
q 2
equation d—y =1+ X+(lj , X>0 into a differential equation in v and x.
X X X

b) Using par(a), find y in terms of x given that y=1 at x=1

Solution

VS VL)
y= dx dx

d ? dv
—y=1+l+ Y = V+X—=1+V+V?
dx X X dx

= xd—V=1+v2
dx

dv. dx -
=—=tan'v=Inx+C

1+v2 X

1Y
X

= tan =Ilnx+C

tan‘11=C:>C=§

24



tant L =Inx+ =
X 4

than(ln x+£)
X 4

T
y= xtan(lnx+—]
4

Example 32
Find the solution of the differential equation ((le_y+ y cot x =sin 2X,
X

T
X==.

4
Solution

feotxdx _ .

p=¢e =sin X

= (sinx) y=jsin 2xsin xdx +C

= 2Isin2xcos xdx+C

=Esin3 x+C
3

y=§sin2x+Ccscx, CeR

-1
y=cosh X+ C . CeR
\/xz—l \/xz—l
du
dy _ax’ " _ldu_u
dx x2 "~ xdx x2

d2y _ (dzu/dxz) X —du/dx B x2 du/dx —2xu

X2 x4

o
X
N

25

0<x<m for which y=1 at



Xdx? x2dx x3 x\xdx x2 X
2

:d—‘;+25u=o

dx

= u=Ac0os5x+Bsin5x = yzl(A0035x+ Bsin5x)
X

Example 33
1) Use the substitution y =vx, where v is a function of x, to transform the differential equation

G dy = X%+ Xy + y2, x>0 into the differential equation x% =1+v%, x>0,
X

ii) Hence, given y = J3 atx =1, find y in terms of x.
y=vX= Yy =VvX+v

2dy v d
=>x2ZL=x| x—+V |[=x3—+x%v=
dx d

X2 + X2V +V2X2

dv dv
:>x3d—=x2+x2v2:>x—=l+v

X dx

dvz =ldx
1+v X

=tantv=Inx+c (since x> 0)
= v=tan(Inx+c)
= y=xtan(Inx+c)

x=1, y=x/§:>x/§=tan(c):>c=g

T
=>y= xtan(lnx+§]

26



Example 34

dy 3 1
—+Yy|1l+—|=—, x>0
dx y( x) G

a) Verify that x%eX is an integrating factor for the differential equation.
b) Find the general solution of the differential equation.

Solution

j' 143 dx
X :ex+3lnx _

p=e exelnx?’:XCSex
x3exy=j(i2](x3ex)dx+c

X
x3eXy=xe*—eX+C

_t_1.¢C
W2 x3 | x3eX
Example 35
2
Find the general solution of u+ Zﬂ—3y =6
dx2 dx

Solution
r’+2r-3=0
=>r=-31

=y, =Ce* +Ce

= y=Cie* +Ce % -2

27



Section: 2. Second Order Linear Differential Equations

Example 1

a) Show that the transformation y =vx transforms the equation :

2
XZM—ZXQ+(2+9X2)y:X5, I
dx?  dx
2
into the equation : d—;/+9v: x2, I
dx

b) Solve the differential equation Il to find v as a function of x.
c) Hence state the general solution of the differential equation I.

Solution

2 2
ﬂ=v+ ﬂ, M—Zd_v+xd_v
dx dx' dx2 dx  dx2

of dv d?v dv 2 _ 5
X (Zd—x+xdx—2]—2x[v+xd—xj+(2+9x )(vx)_x
2

dev
= 9x%v+ x3—2=x
dx

5

2
v
:>9v+—2=x
dx

2

r’+9=0=>r=73i

=V, = Acos3x+Bsin3x

vp=Cx2+Dx+E

:>C=£, E=_—2 and D=0
9 81
. 1, 2
=>V=Ac0s3X+Bsin3x+— X —a
2 1, .
y=—X+=X"+X AcosBx+Bsm3x)
81 9
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Example 2

2
Find the general solution of the differential equation d7y y= 4-2x?

-
Solution
2
d—Z— y=4-2x?
dx
r’-1=0=>r=41= y=Ae*+Be*
Yp = Mx? + Nx + P
yp '=2Mx+N
yp''=2M
2M —Mx? —Nx—P = 4—-2x?
=>N=0, M=2andP=0
= yg = Ae* +Be X +2x?
Example 3
Cd’y d’t - 2
Transform the equation d—2+x +y+2=0to d—2+t =0, by means of the substitution y=t—x“,
X X
and hence find the general solution.
Solution
dy _dt_
dx dx
d?y d%
=572
dx< dx
2

:>d—;—2+ x2+t—x2+2=0

dx

2

:>d—2+t=0

dx

=t=Acos x+ Bsin x
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= y=Acos X+ Bsin x— x>

Example 4
a) Solve 16y"+y=0, y(0)=2 and y'(0)=-1

b) Use the substitution zy? =1 to transform the differential equation % +y= xy3 into an equation
X

containing z and x. Solve this equation and hence find y in terms of x.

Solution

16y"+y=0 y(0)=2 y'(0)=-1

, -1 1.

16r’+1=0 r’=—
16

y=Acoslx+Bsinlx
4 4

y(0)=2=>A=2

-A . X B X
=—SIiNn—+—C0S—
4 4 4 4

’

y

y’(0)=%=—1:>B=—4

=>y= 20055—4sin5
4 4

dy 3 1
—+y=xy° and z=—
dx y=Xxy ¥
d2__24d
dx y3 dx
3
- dz 3
———+Yy=X ——27=-2X
2 dx Y=
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2% e—2x

2 |-1/2e72%
0 [1/4e72%

_1 1
=>7=—F7 [—xe‘zx——e‘2X+C}
e 2

1
SSE X+E+Ce2X

2 1 1
2>y == y=i\/—
X+ 0.5+ Ce* X+ 0.5+ Ce*

Example 5
. . . 2 dzy dy 2 . _— t
Solve the differential equation x d—2—4xd—+6y = 2X“ using the substitution x=¢".
X X
Solution
2
XZM—4XQ+ 6y = 2x?
dx? dx

dy _(dy)(dt)_ dy
dx \dt )\dx) = dt

M{@%.MpﬂﬂLﬂ@

e—t
dx? dt dt? dt2 dt

=)o) G-

2
&y _gd
dt

+6y =2
=y, = Ae®' + Be

y, = Mte”!

Yp = 2Mt* + Me?!
Yy =4Me? +4Mte”
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= 4Me®" + 4Mte?' —10Mte®' —5Me?" + 6Mte?' = 2e*"
= (4Mt —10Mt + 6Mt)e”' — Me?' = 26"

>M=-2

= v = Ae® + Be® — 2™

2Inx

2Inx 3Inx

—2Inxe
y=Ax2+Bx3—2x2Inx

y=Ae +Be

Example 6

2
9 6 gy _ae® >0
dt>  dt

a) Show that Kt%e® isa particular integral of the differential equation, where K is a constant
to be found.

b) Find the general solution of the differential equation.

Given that a particular solution satisfies y = 3 and % =1 whent =0,

¢) Find this solution.
Solution

y' = 2Kt e3' + 3Kt

y" = 2Ke3 + 6Kte®! + 6Kte® + 9Kt %™
Substitute you get K =2

r’—6r+9=0=>r=3=y, =e> (A+Bt)
= y=(A+Bt)e* +2t%*

A=3 and B=-8= y=(3—8t+2t2)e3t
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Example 7

2
a) Given that y =e*sinx, find dy and M
dx dx2

2
b) Show that d—y—2ﬂ+2y =0
dx?  dx

c) By differentiating the equation in part (b), or otherwise, obtain the Maclaurin expansion of

e*sin x up to and including the term in x3.

Solution

y' =€ sin x+e* cos x = e (sin x +cos )
y" =e*(sin x +cos x)+e* (cos x —sin x) = 2* cos x
2¢* cos x—2(ex)(sin X+CosX)+2e*sinx=y" -2y +2y

= 2e* cos x—2e* sin x —2e* cos x+2e*sinx =0

y"!_2y"+2y!=O:>yIII=2y"_2yI

y(0)=esin0=0

' y” 0 X2 ym 0 X3
y~y(0)+y'(0)x+ (2') + (3!)

y"(0)=2(2)-2=2

= Y= X+ X +?

Example 8

A particle moves along the x-axis so that its position function x(t) satisfies the differential equation

2
0% _ X _x—0 and has the property that at time t =0, x =2 and 3_1(:_9,

a2 dt
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a) Write an expression for x(t) in terms of t.

b) At what time t, if any, does the particle pass through the origin?
c) At what time t, if any, is the particle is at rest?
Solution

r’-r-6=0=(r-3)(r+2)=0=>r=3orr=-2

= x=Ae3 +Be™

t=0, x=2=>2=A+B

=A=-1B=3
t=0, x'=-9=3A-2B=-9

= x =32t —¢%

Particle passes through the origin= x=0

-2t

=3 =t =3=5t=In3

Particle is at rest = x' = 0= 3Ae3' —2Be 2 =0

= -3 —6et=0teg

Example 9

2
&Y 4Y 5y _e5sin2x, x>0
dx dx

Find the general solution of the differential equation.
Solution

r’+4r+5=0
:>I’=—2:F\/—_=—2:Fi

= Y, =& (Mcos x+ Nsin x)
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Yp = Asin2x+Bcos2x
Yp =2Ac0s2X —2Bsin2x

yp =—4Asin 2x —4Bcos 2X

-4 A-8B+5A =65

=A=1 B=-8
-4B+8A+5B=0

= y=sin2x—8cos 2x+e">* (Mcos x + Nsin x)

Example 10

2
dx —t

Given x =At%" satisfies the differential equation % + ZE +x=6
t

a) Find the value of A.

b) Hence find the solution of the differential equation for which x =1 and 3—1( =0 att=0.

c) Use your solution to prove that for t >0, x <1.

Solution

x=At2el = x'=2Ate "t — At2et = [ZAt - Atz}

X" =—¢"" [ 2At- AL? |+e7 [2A-2A1]

—et [ZA— 2At—2At + Atz] —et [At2 _4At+ 2A]

— e [At2 —4At+ 2A]+ 26t [2At - At2]+ At?et =t

=2Ae == A=1/2

r24+2r+1=0=>(r+1)° =0=>r=-1=> x, =Ae "' +Bte™"
= Xy =Ae " +Bte +1/2t% " =¢" [A+ Bt+1/2t2]
x(0)=1=>A=1

x'=—e [A+ Bt+1/2t2]+e‘t [B+1]
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x'(0)=0=>-A+B= A=B=1
= x=¢e" [1+t+1/2t2]

X'=e[t+1-1-t-1/2t% |=—e7"[1/2¢?]

x'<0 WVt=#0 for t >0 the function is decreasing = maximum value occurs at

t=0 x(0)=1 is absolute maximum on [0,o0)

Example 11

By using the substitution x =Int,t > 0, transform the differential equation
&y
dx?

solve for y in terms of x.

+(8ex )Sy +17ye?* =3e?* cos2e* into a differential equation for y in terms of t and hence

Solution
2
M+(8ex —1)ﬂ+17yezx = 3% cos 2x
dx? dx
dx 1 dt
=lht=> —="=>—
dt t dx

dy dy dt _ dy
dx dt dx  dt

2 2
d?y _ [dy td_y](t) 2y dy

dx? (dt  dt? dt?  dt
2

:t2%+t3—¥+8t2% 3¥+17yt =3t cos 2t
2

d—3’+83—3t'+17y=3coszt

A=64-(4)(17)=64-68=—4

:>r=_82:2'=—4$i

= yy =e"[Acost+Bsint]
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Yp =Mcos2t + Nsin 2t

Yp = 2Ncos2t—2Msin 2t
Ypr =—4Nsin2t —4Mcos 2t
—4Nsin 2t —4M cos 2t + 8(2N cos 2t — 2Msin 2t) +17(MC +NS) = 3C

= —4NS—4MC+16NC—16MS+17MC+17NS =3C
= 13Nsin 2t —16Msin 2t + (13M + 16N ) cos 2t = 3cos 2t

13N—16M =0 39 48
= >M=— N=—0
13M +16N =3 425 425

Note: C stands for cos2t and s for sin2t

= y=e""[Acost+ Bsint]+ﬁcoszt + B8 Ginat
425 425

— y=g ¥ [Acosex + Bsine"]+£c052eX +ﬁsin 2e”*
425 425

Example 12

2

Find the general solution for d_;/ + 3d_y +2y= 32X,
dx dx

Solution

r’+3r+2=0=>r=-2,-1
=y, =Ae ¥ +Be™* ,ABeR

= 4Ce?* +6Ce?X +2Ce?X = 3e%X

:>C=l

4

1
:>yp=zezx

—2X —X 12x
=>y=Ae"" +Be +Ze
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Example 13

Given x =¢e", where u is a function of x, show that

a) Xﬂ ﬂ
dx du
2 2
b) x? j—y = g—y —S—y Hence find the general solution of the differential equation
X u u

Solution

Gy _dy ax_ oy
du dx du  dx

2 2
@y _(dy, dy)
du? | dx dx? | du

2
_[1dy Ay
x du dx2

2
_(Lay A%
xdu = dx?

2
_dy 2d%
du dx?

substitute

2
du¢ du du

2
:d—z—ed—y+9y=o

du du
r2—6r+9=0
=>r=3

= y=(A+Bu)e®

= y=(A+BInx)x® , ABeR

Example 14

2
Find the general solution of d_y+% =2X+3

dx? X
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Solution

r’+r=0=>r=0, -1

= ¥, =C;+Cye " and y, = Ax* +Bx+C

= 2A+2AX+B=2x+3
=A=1landB=1

=y=C,+Ce *+x°+x , C;,C,eR

Example 15

d’y dt -
d—2+x +y+2=0to — +t=0, by means of the substitution

Transform the equation
X dx

y=t-— x2, and hence find the general solution.

Solution

ﬂzﬂ—ZX
dx dx

d’y _d%t
dx?  dx?

2
t
:>—2—2+x2+t—x2+2=0
dx

2
:>d—2+t=0
dx

=t=Acos X+ Bsinx

= y=AcC0s X +Bsin x — x?

Example 16
a) Find the value of A for which y = Axsin5x is a particular integral of the differential equation
d2y

2

+ 25y =3c0s5x
dx
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b) Using your answer to part (a), find the general solution of the differential equation

&y
2

+ 25y =3c0s5x
dx

Giventhatat x=0, y=0 and 3—y=5
X

c) Find the particular solution of this differential equation, giving your solution in the form
y="f(x).
Solution

ﬂ:lsin5x+5£xc055x
dx

2
M 51¢c0s5X+54c0s5X —25AXsin5X

dx? -
=10A4c0s5x —-254xsin5x
=104 cos5x —25Axsin5x

104 cos5x —25Axsin5x + 25Axsin5x = 3cos5x

A=
10

r24+25=0=r=45i

y=C1c055x+Czsin5x+%xsin5x
O=C1

ﬂz oC, c035x+isin5x+§xc055x
dx 10 2

5=5C,+0=>C, =1

y=sin5x+ixsin5x
10

Example 17

2 2
Given that y = 4 , show that M = Ed_u_id_u +2_u. Hence find the general
X

dx?  xdx? x2dx x3

solution of the differential equation d_;/+gd_y+ 25y=0, x>0.
dxc xdx
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Solution

du

X——U
dy _ "dx
dx X2
2
du du duj »
— —2X| X—-u
d? dx? dx dx X
== 4
dx X
2
3d7u 2x2d—u+2xu
_ dx? dx
4

Substitute in the given equation we get

2
O|—‘j+25u=o
dx

= u=Acos5x+Bsin5x

1(Acosx+Bsin x), A,BeR

>y=—
X
Example 18
2
Transform the equation j—Z+ X2 + y+2 =0 by means of the substitution y=t— X2,
X

and hence find the general solution.

Solution

dy dt

dx dx

d?y d%

= Y_Z " 9

dx?  dx?

2
:>—2—2+x2+t—x2+2=0
dx
2
:>d—2+t=0
dx
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=t=Aco0s X+ Bsin x

= y=AC0s X + Bsin x — x?

Example 19

2
d%y +4ﬂ+13y =g

Find the general solution of the differential equation —
dx dx
Solution

r’+4r+13=0=>r=-2F/4-13 =—2F3i
= yp =e 2% (C, cos3x +C, sin3x)

yp — Ae—3 X

= 9A-12A+13A=1
1

=>A=—
10

-2X ; 1 -3x
= y=e C,cos3x+C,sin3x)+—e
y ( 1 2 ) 10

Example 20
Giventhatx =Int, t> 0 and that y is a function of x,

a) find d—yin terms of dy and t,
dx dt

2 2
ay _ppdy Ay

b) show that — )
) dx? dt>  dt

c) Show that the substitution x = Int transforms the differential equation

2
%—(1—6ex)j—y+10yezx =5e?*sin2e* (1) into the differential equation
X X

dz—y+60|—y+10y—55in2t )

dt?

d) Hence find the general solution of (1), giving your answer in the form y = f (x).
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Solution

dy _ . dy
dx  dt

2 2 2
u=tg(ﬂ)=t ﬂ_,.td_y =t2ﬂ+tﬂ
dx?  dt\dx dt  dt? dt®>  dt

2y"+ty'=(1-6t) (1) + (10y)(t?) = 5t2sin(2t)
= y"+6y’'+10y =5sin(2t)
r’+6r+10=0=r=—37Fi

= y=e""[Acost+Bsint]

Yp =Msin2t + Ncos 2t

Yp =2Mcos 2t — 2Nsin 2t

yp =—4Msin2t—4Ncos 2t

Substituting into equation we get M =% N= 1

’ 3

. 1. 1
:>y=e‘3t[Acost+Bsmt]+gsm2t—§c052t, t=e

Example 21

2
a7y _ox (Zyd—y+ y? +1J
dx2 dx

d_3 dx dx dx

3 2 2
a) Show that d y_ex[Zyd—ZnLZ(d—yj +|<yd—y+ y? +1]
X

where Kk is a constant to be found.

Giventhat x=0, y=1and g—y=2
X
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b) Find a series solution for y in ascending powers of x, up to and including the term in x*.

Solution
ﬂzex 2y%+y2+1
dx? dx
d®y (., dy . o (Y . dPy . dy
—==e" | 2y—+ Yy +1|+e"|2| = | +2y—+2y—
dx3 (ydx Y dx Va2 T ax
d?y dy]2 dy

=e*|2y—=2+2| = | +4y—>+y°+1

[ydx2 (dX de y
=k=4

dy . d’y_ o

x=0,y=1, £ =2, =e [2(2)+1+1]=6
d3y

d—3=(12+8+8+1+1)=30
X

y=y(0)+ y'(0) X + y"(0) 2 4 y"(0) s

X 4——=
1! 2! 3!
=1+2X+3X2+5x3 4 ———
Example 22
2
Find y in terms of x given that d—Z—4d—y+4y:e2X and that d—y=1 and y=0 at
dx dx dx
x=0.
Solution

r’—4r+4=0= n=r,=2
yp — kX2e2X
Yp = 2kxe? + 2kx%e?*

yp = 2ke?* + 4kxe?®> + 4kxe?X + 4kx%e?*
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2ke?* + 4kxe?* + 4kxe?X + 4kx%e?* — Bkxe?* — 8kx2%e?* + 4kx%e?* =¥

:>k=1
2

1
y =ce®* +coxe?* + = x%e?
2
0=C1
y' = 2c,e%* +ce”* +2c,xe?* + xe?* + x%e** = ¢, =1

1
y = xe* +5 x g2

Example 23
a) Show that %xsin x is a particular integral of the differential equation

2
d—;/+y:cosx.

dx
b) Hence find the general solution.
Solution
y= 1 X sin X
2

1.1
Yy =—=S8INn X+ —-XCOS X
2 2

, 1 1 1 .
Yy =ECOSX+—COSX—§XSIHX

d?y 1 . 1 .
— + Y=C0S X——XSIN X+ — XSIN X=C0S X
dx? 2 2

1 . : .
= —Xxsin x is a particular integral of the

d2y
differential equation ol + Yy =CO0S X
X

rP+1=0=r =i
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. 1 .
¥ =C,COS X+C,SIN x+§xsmx

Example 24

2 2
a) Given that x =e!, show that %y 2|4y _dy
dx? dt2 dt

b) Hence show that the substitution x =e' transforms the differential equation

d?y  dy _d?y _dy

2

LY W iey=3 ()into LY -5Y 16y =3 (I
7y +by=3 ()into I -5L+6y=3 (Il

c) Hence solve Il and find y in terms of x

Solution

dy_dy dt_dy dyl  dy . dy

dx dt dx dx dtx dt  dx

dy_ Oy _ d’y_dx dy  d% dx

dt  dx  dt2 dt dx  dx2 dt

2 2
dy _dy_ d%y
dt?  dt dx?

2 2
[y _dy)_adly
dt? dt dx?

Ly _dy
2= 2
dx dt dt

2 2
VRS BRVIVAS Y IVIE SR ) Y PSP
dx? dx dt2 dt  dt
d’y _dy
&Y 5% 16y=3
2 dty

d?y _dy
hallD A e 4
dt?2 dt

r’—5r+6=0

+6y=3
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Yo=Kk=yp=yp=0

bk=3=>k=

1
y=ce? +ce’t +2
2

1
y=clx2+czx3+§

Example 25

2 2
Assuming that d_y =4t d_y dy
dx? di>  dt

Show that the substitution x =t¥?, transforms the differential equation

2
dy (6 - jdy 16x2y = 4x%e?* 0
dx? X ) dx

into the differential equation

d’y  ,dy
+3=2 _4y=¢® [
dtz o dt y= an

Hence find the general solution of (1) giving y in terms of x.

Solution

dy dy dt dy 2

dx dt dx dt

Substitute

PP PL N P dy (2{) _ 16ty = 16te®
dt? Jt

SudY, 20Iy 12 2V _ 16ty - 16te
d “dt T Cdt Cdt

rP+3r-4=0=>r=-4,1=y, =Ae' +Be™

yp — CeZt
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:>4c+6c—4c=1:>c=%

—at

1
= y=Ae'+Be +€e2t

—4x? 1 2x2

= y=Ae" +Be +Ee

Example 26

a) Find in the form y = f(x), the general solution of the equation; (x? _1)3_y+ xy=1x>1
X

e u d2y 1 d2y 2 du 2u
b) i) Given that y=—, show that —=——5—-——+—
" Y=X dx?2 xdx? x%dx x3

i)Hence find the general solution of the differential equation

2
d—y+gd—y+25y=0,x>0
dx¢ xdx

Solution

| X_dx 1In(xz—l)

p=ex-1 =¢ x? -1
x2—1y=I 1 dx=cosh™ x+C
sz—l
-1
:cosh x+ C CeR
\/xz—l \/xz—l
du
dy _ax’ " _1du_u
dx X2 xdx x?
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+
Xdx? Xdx? x%2dx x3
d’y 1d%u 2 d’u 2u
= T av? w2 a2t 3
dx Xdxc x“dx° X

1d%u 2 d%u 2u 2(1du u u
~qu_cgu A efrlu_UiioslYl-o
Xdx? x2dx? x3 x\xdx x2 X

2

d : .
:d—l;+25u=0: u=Acos5x+Bsin5x = y=l(Ac035x+ Bsin5x)
X X

Example 27

a) Solve the differential equation: yy'—y’'=e¢*

2 2
b) Use the substitution z = 1 to solve the differential equation y(;_;,_ Z(S—y) - y2 =0
y X X

Solution

dy(y-1)=e*dx

2

:>y7—y=eX+C

= y2-2y=2*+k keR

2 2
Butu-i—i(d—y] _1 =0 (from the given)

= 2=(C, cos x+C,sin X)

1

=Yy= .
C,cos x+C,sin X
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Example 28
2

Find the general solution of %+ 2%—3y =6
Solution

r’+2r-3=0

=>r=-31

=y, =Ce* +Ce "
yp =-2

= y=CeX+C,e 3% -2

Example 29

a) Find in the form y = f(x), the general solution of the equation: (x2 —1)

b) i) Given that y = u , show that
X

dzy 1d%u 2 du 2u

+
dx?  xdx? x2dx 3
i1) Hence find the general solution of the differential equation

2
u+Eﬂ+25y:0, x>0
dx? X dx

Solution

X 1
dx  ZIn(x%-1
p=ej><2—1 =e2( )= x% -1

1

S N

dx =cosh™ x+C

50
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Example 30

a) Show that the transformation y = xv transforms the equation

2
2d%y dy 2 5
X —=—2X—=+|2+9X =X |
72, ( )y ()

into the equation

2
d—\2/+9v:x2
dx

(1

b) Solve the differential equation Il to find v as a function of x.

c) Hence, state the general solution of the differential equation I.

Solution

y =XV

= ay_ V+ x%
dx dx

d2y dv dv d?v dv d?v
—=—x — X

r’+9=0=r=53i
=V, = Acos3x+Bsin3x
Vo =Cx?+Dx+E

:>2C+90x2+9Dx+9E=x2:>C=%,D=O,E=_é

:>v=AcosSx+Bsin3x+1x2—£
9 81
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= y=AxcosSx+Bxsin3x+éx3—%x, AandBeR

Example 31
: : : . : d2y dy
Find the general solution of the differential equation — +d— =36X.
dx X
Solution
r2+r=0
=>r=0,-1

=y, =Ae’* +Be ¥ = A+Be™*
2

Yp = Cx” + Dx

yp =2Cx+Dand yg;=2C

= 2C+2Cx+ D= 36X

=>2C+D=0and 2C=36=>C=18 and D=-36

= y=A+Be X +18x% - 36x

Example 32

2
GRS
dt2  dt

Given that x=0 and 3—1(:2 at t=0,

a) find x in terms of t.

The solution to part (a) is used to represent the motion of a particle P on the x-axis.

At time t seconds, where t >0, P is x meters from the origin O.

23

b) Show that the maximum distance between O and P is o and justify that this

distance is a maximum.
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Solution
r>+5r+6=0
(r+3)(r+2)=0
=>r=-3,-2

= X, = Ae !+ Be!
X, =Ce™' = Ce™ —5Ce™ +6Ce™ =2¢7
=C=1

-2t —t

= x=Ac ' +Be ! +e

0=A+B+1
2=-3A-2B-2B-1

=>A=-1,B=0

OX _ 373t _gt
dt
d—x=o:> 3 _et=0
dt
=3z =2 =3
K
2
In3

0 2 .

_ +

0
—00
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Example 33

a) Solve the differential equation: yy'—y’=e*

b) Use the substitution z = 1 to solve the differential equation

y
2 2

dx?  \dx
Solution
y'(y-1)=e*

(y—1)dy =e*dx

2

:y?—yzex+c, CeR

dz  1dy

&_ y2 dx

d_zf_i(d_ylz_idz_y
dx?  y3ldx y? dx?

Substitute in the given you get

2
d—§+z=0
dx

= 2=C;cos X+ C,sinx

1

=>y= -
C,cos x+C,sinx

, C,,C,eR

Example 34
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dy

Giventhat y=2 at x=0 and d—:—5 at x=0, find y in terms of x, if given further
X
2
that d—y+d—y:2x+3.
dx2 dx
Solution
r’+r=0
r=0,-1

Yr, = C1e” +Cpe ™
Yp = Ax? +Bx+C

Yp =2AX, yp =2A
= 2A+2AX+B=2x+3
=A=1B=1

= y=C;+Ce X+ X%+ X

C,+C,=2)] C,=6
1 2 - 2
—C,+1=-5[ " C, =4

= y=6e"%+x*+x—4

Example 35

2 2
Transform the equation d_;/ +x%+ y+2=0to d—; +1=0, by means of the
dx dx

substitution y =t — x2, and hence find the general solution.

Solution

dy _dt

dx  dx

d?y _ d%

dx? - dx?

55



2
t
:>—2—2+x2+t—x2+2=0
dx

:>£+t_0

dx?

=t=Aco0s X+ Bsin x

= y=Acos X+ Bsin x - x?

Example 36

Giventhat y=—,showthat —=~-—f —— — . Hence find the general
X

solution of the differential equation u+—d—y +25y=0, x>0.
dx?  x dx
Solution
x Uy
dy _"dx
dx x2
d°u du du o2 2x(x—u]
d2y d dx dx X
e =
dx? x*
3d2U > du
X®——2X"—+2xu
_ dx? dx
w4

Substitute in the given equation we get

2
d—2+ 25u=0
dx

= U= Acos5x+Bsin5x

1 .
= y==(Acosx+Bsinx), ABeR
X
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Example 37

2
u+x2d—y+y:0,with y=2 at x=0 and ﬂ:1 at s=0

d)(2 dx dx

a) Use the Taylor series method to express y as a polynomial in ascending powers of

x up to and including the term in X

d4y
b) Show that at x =0, — = =0
dx
Solution
3 2
M+2xﬂ+x 2d y+d_y=0

dx3 dx dx? dx

2
atx=0,y=2 ¥_1 9Y__,
dx ax2
3
Sy,
dx
2x% X3
> Y=2+X-———
21 31
3
:>y=2+x—x2—x—
dy L, 5 Y L, &y ady dy
dx* dx dx? x2 dx® dx2
4
:>d—y+2+0+0+o 2=0
dx?
4
:>d—Z 0
dx
Example 38

2
Solve the differential equation 4d—¥ +y=0 giventhat y=2 and g—y =-1at x=0.
dx X

Solution

42 +1=0
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1 o1
=C,cos—Xx+C,sin— X
y 1 5 2515

whenx=0andy=2=2=C;

d—y=—lC15in1x+ECZ cosix
dx 2 2 2 2

y=2cos£x—25in1x
2 2

Example 39

2
OI—y—4ﬂ+5y:8sinx

Determine the general solution of
dx2 dx

Solution
r2—4r+5=0=>r=2+%i

y = e (Cycosx+C,sinx)
yp = AC0s X+ Bsin x

yp =—Asin x+Bcos x

yp =—Ac0s X —Bcos x

—Acos Xx—Bsin x+4Asin x—4Bcos X +5Acos X +5Bsin x = 8sin x
(4A—4B)cos x+(4B+4A)sin X = 8sin x

4A—-4B=0

=>A=B=1
4A+4B=8

y =" (Cy cos X+ C,sin X) +Cos X +5sin X
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Example 40
2

Find the general solution of the differential equation d_;/ + 5% -6y =36x
dx X

Solution

r>+5r-6=0

=>r=1r=-6
y=Ce*+Ce ™ +yp

yp =ax+Db,

5a—6ax —6b = 36x = —6ax+5a—6b = 36X

—ba=36=>a=-6

b="=-5
6

y=Ce*+Ce®* —6x-5

Example 41
Giventhat x=Int, t >0 and thaty is a function of x

a) Find dy in terms of dy and t
dx dt

2 2
b) Show that 3-Y =297 ;&
dx?  dt? dt

c) Show that the substitution x =Int transforms the differential equation

dzy x\ dy 2x 2X i 9aX . . . .
—2—(1—6e )&+10ye =5e“"sin2e” (I) into the differential equation
dx

d_2+63—¥+10y:55in 2t (1)
t
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d) Hence find the general solution of (1) giving your answer in the form y = f (x)

Solution

dy dy dt dy 1 dy
dx dt dx dt 1/t dt

d’y _ d(dv] d(zdv) —_1d_v+1d2_y1
dt2 dtldt) dt\tdx) t2 dx tgx? t
_ldy 1y

+
T2 dx 2 dx?
dy,1dy_1dy
dt2  t2dx 2 dx?
2
a’y dy dy _,2d% . dy
axz  di2 i dt2 dt

(A, tzu—(l—Ge'm) Y +10ye?Nt = 5e2/Nt gjp 2e!Nt
dt dt? dt

2
:>td—y+t2u—td—y+6t23¥+10t y= 5t sin 2t

dt dt? dt
2
u+6dy+10y=55in2t
dt> dt
r’+6r+10=0
r=-3xi

= ¥, =¢ ' (C, cost+Cysint)
Yp =Asin2t +Bcos2t,

find y, and yg
and susbtituting in the equation we get

Al
6

= y=¢e""(Cycost+C, sint)+%sin 2t—%cosZt
= y=e3 (Cl cose” +C, sin ex)+%sin 2e* —%cos 2e*
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Example 42

2
Given that M+ﬂ=2x+3 andy =2atx=0and d—y:—5 atx =0, find y in terms of x.

dx?  dx dx

Solution
rr+r=0=r=0,-1

= ¥, =Ce?* +Ce ™ =C; +C,e”*

y, =ax’ +bx

= 2a+2ax+b=2x+3
=>a=1

andb=1

= y=x2+Xx+ C1+ Coe™
y=2atx=0
=>Ci1+C2=2

ﬂ =-5 at x=0
dx

=-5=1-Cz
=C2=6
Ci=-4

=>y=x2+x+6e*-4

Example 43

2
u+4ﬂ+5y=653in2x, x>0

dx2 dx
Find the general solution of the differential equation.

Solution
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r>+4r+5=0
=>r=-2%J-1=-27i

= yp =2 (Mcos x+ Nsin x)
Yp = Asin2x+ Bcos2x

Yp =2Ac0s2X —2Bsin 2x

yp =—4Asin2x —4Bcos 2x

—4A—-8B+5A =65

=>A=1,
-4B+8A+5B=0
B=-8

= y=sin2x—8cos2x+e ** (Mcos x + Nsin x)

Example 44

2
9 6D oy _ae® 120
dt? dt

a) Show that Kt%e> is a particular integral of the differential equation, where K is a constant to be

found.

b) Find the general solution of the differential equation.

Given that a particular solution satisfies y = 3 and 3—3{:1 whent=0,

¢) Find this solution.

Solution

y' = 2K te3t + 3Kt%e%t

y" = 2Ke3' + 6Kte3! + 6Kte3! + 9Kt %
Substitute you get K =2
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r’—6r+9=0=>r=3
_ a3t
=y, =e> (A+Bt)
= y=(A+Bt)e> +2t%>
A=3

B=-8= y=(3—8t+2t2)e3t

Example 45

i) Given that y = 4 , show that
X

dz_y 1d%u 2 du 2_u

+
dx2 Xdx? x2dx 3

ii) Hence find the general solution of the differential equation

2
d_g/+gd_y+25y:0’ x>0.
dxt xdx
Solution

u
y=—

X

du

dy_X&_ ldu u
dx  x2  xdx x2
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1d%u 2du 2u 2du 2u 25u
Rttt Wi
xdx? x?dx x® x?dx x® x

= u=C; cos5x+C,sin5x

= yx =C; c0os5x+C,sin5x

Example 46

2
a7y _ e (Zyd—y+ y? +1j
dx? dx

3 2 2
a) Showthatd—y:ex 2yd—y+2(d_y) +kyd_y+y2+1
dx3 dx? dx dx

where K is a constant to be found.

Given that x=0, y=1and j—yzz
X

b) Find a series solution for y in ascending powers of x, up to and including the term in x*.

Solution
d?y (o, ody o
—>=e"|2y—+Yy°+1
dx2 ( de y
d®y x( dy . ] N [dyjz d?y . dy
—==e"|2y—+ Yy +1l|+e"|2]| = | +2y—+2y—
dx? Yax T dx ydx2 Y ax
d’y (dy)* ., dy . >
=eX| 2y—2+2| == | +4y—=+y°+1
[ ydx2 (dx] Yax Y

=k=4

dy . d’y o
x=0,y=1 ——=2, —=¢e"[2(2)+1+1(|=6

y dX dx2 |: () :|

d3y
—3=(12+8+8+1+1)=30
dx

’ 0 n 0 m O
y=y(0)+y( )x+y ( )x2+y ( )x3+...

1! 21 31

=14 2X+3X°4+5x3+...
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Differential Equations Practice Questions

Test

1. The general solution of y"—4y'-5y =0 is
[-A-] y=Ae* +Be>*

[-B-] y=AeX +Be™>*
[-C-] y=e?*[Acosx+Bsinx]

[-D-] y=Ae > +Be>*

[-E-] y=e"*[Acos2x+Bsin2x]

2. The general solution of y"+4y'=0 is

[-A-] y=A(cos2x+B)

[-B-] y=Ae?* +Bxe?
[-C-] y=Acos2x+Bsin2x

[D-] y=Ae ™ +B

[-E-] y=Ae?* +Be ¥

3. A particular solution of the non-homogenous linear differential equation y"+3y’'+2y = 2x2 + 4x
is

[A]y=x*—x
[-B-] y=2x2+x+%
[[C-] y= x2—x+%

[D-] y=e X +e72%

[-E-] y=e "+ x? —%
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4. A particular solution of y"—4y =23cosx is ?cosx . The general solution of the equation is
2X 2X 3
[-A-] y=Ae"" +Bxe“” — gcos X

[-B-] y=A+Be* —gcos X

[-C-] y=Ae?* +Be X —gcos X

[-D-] y=Acos2x+Bsin 2x—gcos X

[-E-] None of the above

5. The general solution of y"—-2y'=4is
[-A-] y=-2x+C

[-B-] y=-2x+Ae?*+B

[-C-] y=Ae?* +B

[-D-] y=2x2+Ae?*+B

[-E-] None of the above

6. Ifi—f:kx and if x=2 when t=0 and x= 6 when t=1, then k=

[-A-] In4

[-B-] 8
[-C] €

[-D-] 3

[-E-] none of the above

7.1f y= f (x) is a solution of the differential equation y'—y =2e” and if f(0)=-3,then f(1)=
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[-A-] —e

[-B-] —2¢

[c] =
€

(o 2*°
€

[-E-] -1

8. The general solution of y"+y' =4 is

[-A-] y=4x+C

[[B-] y=4x+Ae *+B
[[C-] y=4x+Ae*+B

[-D-] y=4x+ Acosx+Bsinx

[[E-] y=4x+Ae* +Be™*
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Show your work.

th

. Solve ' = 2x(1 — y) using an integrating factor and then solve again using the method of separation of

variables. Show that the answer in the latter method is reducible to the first answer.

dy

X
. Solve =—+ y=——,x>-1,9(0)=1.
dx T 70

. A cup of coffee when first poured had a temperature of 198°F. Four minutes later, its temperature dropped

to 140°F. If the temperature of the room where the coffee was served is 82°F, what would the temperature
of the coffee be 12 minutes after it had been served?

. Solve the initial-value problem y" + 4y’ + 5y =0, y(0) = 1, y'(0) = -2.

. Solve the differential equation y" + 4y’ + Sy = e *".

Consider the differential equation xy" + ' = x, (1) =1, y'(1) = —-2. Use the substitution « = ' to reduce the
equation to a first order differential equation, solve the resulting equation, and deduce the solution of the
original equation.

. Given that the differential equation y" + 4xy’ + p(x)y = 0 has two solutions y, = u(x) and v, = xu(x), u(0) =

1. Find p(x) and u(x).

) 2 2., )
dy_ vy g 29y _dy dy

. a) If y is a function of x and x = ¢/, show that — =

dt  dx dl At dt

2 2 ,
b) Use the change of variable in part a) to solve xyd—}+ X[Q] —yﬁ =0.
dx* dx dx

2 2
. Show that the substitution y' = u(y) reduces the differential equation y % —_1’2 [d" )— ( aﬁ)) =0 toa

dx) \dx
first order linear differential equation. Solve the resulting equation and deduce the solution of the original
equation,

&
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